


Copyright c© by

Bülent Kızıltan

2010



Table of Contents

List of Figures vi

List of Tables viii

Abstract ix

Dedication xi

Acknowledgments xii

I PRELUDE 2

Preface 3

1 INTRODUCTION 8
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.1.1 Evolution of Millisecond Pulsars . . . . . . . . . . . . . . . 8
1.1.2 Ages of Millisecond Pulsars . . . . . . . . . . . . . . . . . 11
1.1.3 Masses of Neutron Stars . . . . . . . . . . . . . . . . . . . 12

1.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.2.1 Chapter 2 - Evolution . . . . . . . . . . . . . . . . . . . . 14
1.2.2 Chapter 3 - Age . . . . . . . . . . . . . . . . . . . . . . . . 15
1.2.3 Chapter 4 - Mass . . . . . . . . . . . . . . . . . . . . . . . 16
1.2.4 Chapter 5 - Statistics . . . . . . . . . . . . . . . . . . . . . 16
1.2.5 Chapter 6 - Discussion and Conclusions . . . . . . . . . . . 17

iii



II FUNDAMENTALS 18

2 EVOLUTION 19
2.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.2 The Joint Period - Spin Down Distribution . . . . . . . . . . . . . 20
2.3 Modeling Millisecond Pulsar Evolution . . . . . . . . . . . . . . . 21

2.3.1 Two Dimensional Approach for Population Consistency . . 23
2.3.2 The Effect of Different Accretion Rates . . . . . . . . . . . 27
2.3.3 Selection Effects . . . . . . . . . . . . . . . . . . . . . . . . 28

3 AGE 32
3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.2 The Spin Up Process . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.3 Millisecond Pulsar Ages . . . . . . . . . . . . . . . . . . . . . . . 35

3.3.1 Alternative Methods To Estimate Pulsar Ages . . . . . . . 35
3.3.2 Characteristic Ages: Idealized Pulsar Spin-Down . . . . . 37

3.4 A Modified Spin Down Age for Millisecond Pulsars (τ̃ ) . . . . . . 38

4 MASS 49
4.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.2 Theoretical Constraints . . . . . . . . . . . . . . . . . . . . . . . . 50

4.2.1 Birth Mass . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.2.2 Accreted Mass . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.2.3 Maximum Mass . . . . . . . . . . . . . . . . . . . . . . . . 53

4.3 Observations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.4 Evolution of Pulsars In Binaries . . . . . . . . . . . . . . . . . . . 60

4.4.1 Double Neutron Star Systems . . . . . . . . . . . . . . . . 60
4.4.2 Neutron Star-White Dwarf Systems . . . . . . . . . . . . . 61

4.5 Estimating The Underlying Mass Distribution . . . . . . . . . . . 62
4.5.1 Statistical Model . . . . . . . . . . . . . . . . . . . . . . . 63
4.5.2 Comparison with Likelihood Estimation . . . . . . . . . . 67

4.6 Prior Choice And Algorithm Performance . . . . . . . . . . . . . 68
4.6.1 Approach to Prior Choice . . . . . . . . . . . . . . . . . . 68
4.6.2 Accuracy and Error Estimation . . . . . . . . . . . . . . . 71
4.6.3 MCMC Algorithm Performance . . . . . . . . . . . . . . . 73

4.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

III TOOLS 82

5 STATISTICS 83

iv



5.1 Statistical Approach to Infer Underlying Distributions . . . . . . . 84
5.1.1 Model Formulation . . . . . . . . . . . . . . . . . . . . . . 85
5.1.2 MCMC Posterior Simulation Method . . . . . . . . . . . . 86

5.2 Posterior Predictive Distribution . . . . . . . . . . . . . . . . . . . 89

IV FINALE 91

6 DISCUSSION AND CONCLUSIONS 92
6.1 Do All Millisecond Pulsars Share a Common Heritage? . . . . . . 92

6.1.1 An Alternative Evolution? . . . . . . . . . . . . . . . . . . 95
6.2 Millisecond Pulsars Hide Their Age Well . . . . . . . . . . . . . . 96

6.2.1 Younger Millisecond Pulsars . . . . . . . . . . . . . . . . . 99
6.2.2 Braking Index . . . . . . . . . . . . . . . . . . . . . . . . . 100
6.2.3 Ramifications . . . . . . . . . . . . . . . . . . . . . . . . . 101

6.3 How Canonical is the Canonical Neutron Star Mass? . . . . . . . 103
6.3.1 Previous Studies . . . . . . . . . . . . . . . . . . . . . . . 103
6.3.2 Maximum Mass Limit . . . . . . . . . . . . . . . . . . . . 104
6.3.3 Central Density And The Equation Of State . . . . . . . . 105
6.3.4 Evidence For Alternative Evolution And The Formation Of

Massive Neutron Stars? . . . . . . . . . . . . . . . . . . . 106

v



List of Figures
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Abstract

REASSESSING THE FUNDAMENTALS:

ON THE EVOLUTION, AGES AND MASSES OF

NEUTRON STARS

by

Bülent Kızıltan

The evolution, ages and masses of neutron stars are the fundamental threads

that make pulsars accessible to other sub-disciplines of astronomy and physics.

A realistic and accurate determination of these indirectly probed features play

an important role in understanding a very broad range of astrophysical processes

that are, in many cases, not empirically accessible otherwise.

For the majority of pulsars, the only observables are the rotational period (P),

and it’s derivative (Ṗ) which gives the rate of change in the spin. I start with

calculating the joint P-Ṗ distributions of millisecond pulsars for the standard evo-

lutionary model in order to assess whether millisecond pulsars are the unequivocal

descendants of low mass X-ray binaries. We show that the P-Ṗ density implied by

the standard evolutionary model is inconsistent with observations, which suggests

that it is unlikely that millisecond pulsars have evolved from a single coherent

progenitor population.

In the absence of constraints from the binary companion or supernova remnant,

the standard method for estimating pulsar ages is to infer an age from the rate

of spin-down. I parametrically incorporate constraints that arise from binary



evolution and limiting physics to derive a “modified spin-down age” for millisecond

pulsars. We show that the standard method can be improved by this approach to

achieve age estimates closer to the true age.

Then, I critically review radio pulsar mass measurements and present a de-

tailed examination through which we are able to put stringent constraints on

the underlying neutron star mass distribution. For the first time, we are able to

analyze a sizable population of neutron star-white dwarf systems in addition to

double neutron star systems with a technique that accounts for systematically dif-

ferent measurement errors. We find that neutron stars that have evolved through

different evolutionary paths reflect distinctive signatures through dissimilar dis-

tribution peak and mass cutoff values. Neutron stars in double neutron star and

neutron star-white dwarf systems show consistent respective peaks at 1.35 M⊙ and

1.50 M⊙, which suggest significant mass accretion (∆m ≈ 0.15 M⊙) has occurred

during the spin up phase. We find a mass cutoff at 2 M⊙ for neutron stars with

white dwarf companions which establishes a firm lower bound for the maximum

neutron star mass. This rules out the majority of strange quark and soft equa-

tion of state models as viable configurations for neutron star matter. The lack of

truncation close to the maximum mass cutoff suggests that the 2 M⊙ limit is set

by evolutionary constraints rather than nuclear physics or general relativity, and

the existence of rare super-massive neutron stars is possible.
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It ain’t what we don’t know that gets us into trouble.

It’s what we know for sure that just ain’t so.

...Mark Twain
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Part I

PRELUDE
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Preface

Ph.D.

It is almost time to finally get a Philosophiae Doctor. It should be pointed out

that the “philosophy” in the highest academic title that can be earned has nothing

to do with the scientific discipline “Philosophy”. It rather translates literally into

“the love of wisdom”, or may loosely mean “the pursuit of in-depth knowledge”.

It is my love of wisdom that pushes towards pursuing the in-depth knowledge

about the process of “knowing”; and it can only be fitting that a scientist builds

a consistent stands by which (s)he initiates and carries out such a pursuit.

Therefore, a Ph.D. dissertation without saying a few words on the philosophy

of this pursuit would be too dry, if not incomplete.

Is Simplicity Simple?

To an observing eye it is almost impossible to miss the two schools of thought

prevalent among scientists: The thinking minds of one school have a grandiose

approach to scientific problems. They have an instinct to unify everything in

one grand scheme, whereas the diligent minds that belong to the other camp

appreciate complexity and sophistication (see Craig, 1998).

The former approach may have gained popularity with the emergence of mod-

ern science, particularly with the paradigm shift Einstein has triggered. While

3



Einstein wanted a simple, unified theory from which complexity would emerge

logically, for Bohr, quantum mysteries such as the dual wave-and-particle nature

of light reflected the richness of a complicated universe.

It was perhaps when Einstein came to the realization that his postulation

of the cosmological constant was his “biggest blunder”, he gradually adapted a

different approach. The same Einstein who had a “...humble admiration of the

illimitable superior spirit who reveals himself in the slight details we are able to

perceive with our frail and feeble minds”, also belittled the efforts that ultimately

sought to discover these details by saying “Any intelligent fool can make things

bigger and more complex... It takes a touch of genius - and a lot of courage to

move in the opposite direction”. Was Einstein overindulging in the fame and

pride that came with his success? Was this a manifestation of an over-reliance on

human intuition? Or was this merely a vocalization of what the limited human

perception desires? Or rather a deeper understanding of the ultimate truth...?

It may be possible to harbor this dichotomy within oneself without suffering

from the shortcomings of inconsistency.

I observe that in many fields, astronomy not withstanding, many get overcome

by the desire to be “the” person that reaches a higher level of understanding who,

then, prematurely push in favor of a “unified” model. Perhaps this is a natural

state of the human mind which is wired as such to gradually perceive the more

sophisticated. While this remains to be an intermediary step in the direction of

the next paradigm, a premature push towards unification may, and will, hamper

the efforts of fully exploring the full complexity.

4



Complexity May Be Simple, But Not Simpler...

I oppose to belittling the efforts that provide a fuller insight into how detailed

and sophisticated natural processes can be. At the brink of a paradigm shift, over

simplification will lose details necessary to reach a higher level of understanding. It

is crucial to reach a sufficiently clear awareness and understand the complexity in

it’s full glory in order to reach a higher state of perception. Einstein was ultimately

lucky to live in a period when the details were emerging which carried him to the

conception of general relativity. While his intellect and power of “imagination”

were indisputably clear, it can be argued that he would have never been able to

put the pieces together without the efforts of many others who embraced diversity

and polished the details.

However, it would be equally impossible to shift the paradigm with a mind

that is drowned in the details of the puzzle (see Kuhn, 1970). The impossibility

of reaching a perception that is out of the box can be made possible only if the

pieces of the puzzle have come to existence.

Simply Sophisticated Leads to Alternative

That being said, nowhere during the process that produced what is included

in this dissertation, did I necessarily aim to find alternatives to the conventional

that is widely accepted as “canonical”. One of the initial triggers was, perhaps,

the desire to provide a convincing scheme by which the qualitative perceptions

5



can be justified with quantitative evidence (see Popper, 1992). My goal was to

go beyond the qualitative assessments which were considered informed “common

sense”, and use rigorous tools to quantify the problem. The goal was to see

whether the numbers were in fact confirming the conventional picture, or were

they rather telling a different story (see Lakatos & Feyerabend, 1999).

As a junior scientist, I have the luxury of not being invested too much in any

of the scenarios that I was investigating. This gave me the intellectual freedom to

adopt a rather agnostic approach to the problems at hand. It turns out that, in

all cases, the numbers lead me to an alternate direction beyond the conventional

road.

Scientific Dogma or Dogmatic Science?

Here, with this dissertation, it is my goal to demonstrate that we are still away

from appreciating the picture in its full diversity. While we lack a completed jig-

saw puzzle, the pieces are most likely already in existence and accessible. The

ingredients of the final glue to complete this jigsaw puzzle will not be without the

next generation numerical tools that will assist the efforts of putting these prob-

lems into a broader context. Especially, in data driven fields such as astronomy

and astrophysics, it is imperative to go beyond preconceptions, and let the data

speak for itself. While intuition is perhaps an invaluable tool a scientist cannot

do without, an arrogant over-reliance on intuition will only dogmatize our stand.

While in the modern era we appear to be diligent in resisting to (pseudo) scien-

6



tific dogma, how much of that diligence remains alive and is directed also towards

dogmatic science?

I cannot help but ask: Can a young clerk working at a patent institute suc-

cessfully go through today’s peer review process and publish his short paper that

mainly consists of “gedanken” experiments in any prestigious journal? The ques-

tion begs the answer that we are, perhaps, still far from the next paradigm shift!

Santa Cruz, California Bülent Kızıltan
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Chapter 1

INTRODUCTION

1.1 Background

1.1.1 Evolution of Millisecond Pulsars

Millisecond pulsars are commonly believed to be descendants of normal neu-

tron stars that have been spun-up and recycled back as radio pulsars by acquir-

ing angular momentum from their companion during the low-mass X-ray binary

(LMXB) phase (Alpar et al., 1982; Radhakrishnan & Srinivasan, 1982).

There are about ∼20 high confidence nuclear or accretion powered (see Ta-

ble 1.1) millisecond X-ray pulsars (MSXPs) which are thought to be the progeni-

tors of millisecond radio pulsars (MSRPs) (Wijnands & van der Klis, 1998). These

millisecond X-ray pulsars may become observable in radio wavelengths once ac-

cretion ceases, or the column density of the plasma from the fossil disk around

the neutron star becomes thin enough to allow vacuum gap formation that leads

8



Table 1.1. Accretion and nuclear powered pulsars

νspin [Hz] Pulsar

619 4U 1608−52

601 SAX J1750.8−2900

598 IGR J00291+5934

589 X 1743−29

581 4U 1636−53

567 X 1658−298

549 Aql X–1

552 EXO 0748−676

524 KS 1731−260

435 XTE J1751−305

410 SAX J1748.9−2021

401 SAX J1808.4−3658

377 HETE J1900.1−2455

363 4U 1728−34

330 4U 1702−429

314 XTE J1814−338

270 4U 1916−05

191 XTE J1807.4−294

185 XTE J0929−314

Note. — Accretion and nu-

clear powered pulsars. The millisec-

ond pulsar progenitor seeds used to

construct the cumulative synthetic

MSRP population for the observed

PMSXP.

to the production of coherent radio emission. Towards the end of the secular

LMXB evolution, as accretion rates fall below a critical value above which detec-

tion presumably may be hampered due to absorption or dispersion (Thompson

et al., 1994), the neutron star can re-appear as a millisecond radio pulsar.

Although the connection between LMXBs and millisecond radio pulsars has

been significantly strengthened after the discovery of quasi-periodic kHz oscilla-

tions and X-ray pulsations in some transient X-ray sources (Galloway et al., 2002,

9



2005; Markwardt et al., 2002; Wijnands & van der Klis, 1998), no radio pulsations

from millisecond X-ray pulsars have been detected so far (Burgay et al., 2003).

At the end of the recycling process the neutron star will reach an equilibrium

period (Bhattacharya & van den Heuvel, 1991) which is approximated by the

Keplerian orbital period at the Alfven radius (Ghosh & Lamb, 1992):

Peq ∼ 1.9msB
6/7
9

(
M

1.4 M⊙

)−5/7(
ṁ

ṀEdd

)−3/7

R
16/7
6 (1.1)

where B9 and R6 are the neutron star surface magnetic dipole field and radius

in units of 109 G and 106 cm respectively. The Eddington limited accretion rate

ṀEdd for a neutron star typically is ∼ 10−8 M⊙ yr−1 above which the radiation

pressure generated by accretion will stop the accretion flow. This equilibrium

period combined with the dominant mechanism for energy loss delineates the

subsequent kinematics of the spun-up millisecond pulsar. The magnetic dipole

model then implies a “spin-up region” (Ṗ ∼ P
4/3
0 ) (see Arzoumanian et al., 1999)

on which the recycled neutron stars will be reborn as millisecond radio pulsars.

At the end of the active phase, millisecond X-ray pulsars accreting with ṁ and

spinning with Peq, presumably transition into a millisecond radio pulsars with an

initial spin period of P0 ∼ Peq.

In the standard spin-down model, the millisecond radio pulsar evolution is

driven by pure magnetic dipole radiation, i.e. braking index n = 3 in vacuum (see

Lorimer & Kramer, 2004; Manchester & Taylor, 1977). Alternative energy loss

mechanisms such as multipole radiation or gravitational wave emission, especially

10



during the initial phases of the reborn millisecond pulsars, have been suggested by

several authors (Bildsten, 1998; Krolik, 1991) but have yet to be observationally

corroborated. Advanced Laser Interferometer Gravitational Wave Observatory

(LIGO) will be able to probe the frequency space at which millisecond pulsars are

expected to radiate gravitational waves, thereby putting stringent constraints on

the micro physics of millisecond pulsars.

1.1.2 Ages of Millisecond Pulsars

An accurate determination of pulsar ages plays a critical role in our under-

standing of advanced stages of stellar evolution, supernova explosions and rem-

nants, white dwarf (WD) atmospheres and cooling models, binary evolution,

planet formation around compact objects, and pulsar evolution in general.

Typically, pulsar ages are estimated by calculating the amount of energy lost

during their spin-down. Consequently, the spin-down age of a pulsar can be

formulated as:

τ =
P

(n − 1) Ṗ

[
1 −

(
P0

P

)n−1
]

(1.2)

where the period (P) and the spin-down rate (Ṗ) are the two main observables

acquired by pulsar timing measurements. In the standard approach, the unknown

initial spin period (P0) of the pulsar is assumed to be much smaller (P0 ≪ P )

than the observed period. The dominant energy loss mechanism is analytically

captured by the braking index, which is n = 3 for pure dipole radiation and is

implicitly adapted by the characteristic age τc. The age of a pulsar can then be

11



conveniently approximated by its characteristic age, where:

τ −→ τc ≡
P

2 Ṗ
for P0 ≪ P, n = 3. (1.3)

While this approach may give reliable estimates for some normal pulsars (e.g.

Crab Pulsar - PSR B0531+21: τc ∼ 1240 yr whereas the age from the supernova

remnant (SNR) τSNR ∼ 955 yr; Wyckoff & Murray, 1977), it should be kept

in mind that characteristic ages for some other pulsars will suffer, dramatically

in some cases (e.g. PSR J0205+6449: τc ∼ 5370 yr, τSNR ∼ 820 yr; Murray

et al., 2002), because of the assumptions that render the standard approach less

accurate, especially in the millisecond regime. Therefore, it is useful to develop

a more comprehensive and detailed framework by which we can quantitatively

understand MSP spin evolution.

1.1.3 Masses of Neutron Stars

The mass of a neutron star (NS) has been a prime focus of compact objects

astrophysics since the discovery of neutrons. Soon after Chadwick’s Letter on

the “Possible existence of a neutron” (1932), heated discussions around the world

started to take place on the potential implications of the discovery. In 1932, during

one of these discussions in Copenhagen, Landau shared his views with Rosenfeld

and Bohr where he anticipated the existence of a dense-compact star composed

primarily of neutrons (e.g., Shapiro & Teukolsky, 1983, p. 242). The prediction

was not officially announced until Baade & Zwicky published their work where

the phrase “neutron star” appeared in the literature for the first time (Baade &
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Zwicky, 1934a). Their following work explained the possible evolutionary process

leading to the production of a NS and the physics that simultaneously constrains

the mass and radius in more detail (Baade & Zwicky, 1934b,c).

The ensuing discussions were primarily focused on the mass of these dense

objects. In 1931, Chandrasekhar had already published his original work in which

he calculates the upper mass limit of an “ideal” white dwarf as 0.91 M⊙, while the

following year, Landau intuitively predicted that a limiting mass should exist close

to 1.5 M⊙ (Landau, 1932). Following the works of Chandrasekhar and Landau,

and using the formalism developed by Tolman, Oppenheimer & Volkoff predicted

an upper mass limit for NSs to be 0.7–3.4 M⊙ (Tolman, 1939; Oppenheimer &

Volkoff, 1939).

Since then, continuing discussions on the mass range a NS can attain have

spawned a vast literature (e.g., Rhoades & Ruffini, 1974; Joss & Rappaport, 1976;

Thorsett & Chakrabarty, 1999; Baumgarte et al., 2000; Schwab et al., 2010, and

references therein).

Masses of NSs at birth are tuned by the intricate details of the astrophysical

processes that drive core collapse and supernova explosions (Timmes et al., 1996).

The birth mass is therefore of particular interest to those who study these nuclear

processes. An earlier attempt by Finn (1994) finds that NSs should predomi-

nantly fall in the 1.3–1.6 M⊙ mass range. The most comprehensive work to date

by Thorsett & Chakrabarty (1999) finds that the mass distribution of observed

pulsars are consistent with M = 1.38−0.06
+0.10 M⊙, a remarkably narrow mass range.

The recent work of Schwab et al. (2010) on the other hand, argues that there is
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evidence for multi-modality in the NS birth mass distribution.

The maximum possible mass of a NS has attracted particular attention be-

cause it delineates the low mass limit of stellar mass black holes (Rhoades &

Ruffini, 1974; Fryer & Kalogera, 2001). When combined with measurements of

NS radii, it also provides a distinctive insight into the structure of matter at

supranuclear densities (Cook et al., 1994; Haensel, 2003; Lattimer & Prakash,

2004, 2007). Although more modern values theoretically predict a maximum NS

mass of Mmax ≈ 2.2–2.9 M⊙ (Bombaci, 1996; Kalogera & Baym, 1996; Heiselberg

& Pandharipande, 2000), it is still unclear whether very stiff equations of states

(EOSs) that stably sustain cores up to the general relativity limit (∼ 3 M⊙) can

exist.

Recent observations of pulsars in the Galactic plane as well as globular clusters

suggest that there may be, in fact, NSs with masses significantly higher than the

canonical value of 1.4 M⊙ (e.g., Champion et al., 2008; Ransom et al., 2005; Freire,

2008; Freire et al., 2008a,b). NSs in X-ray binaries also show systematic deviations

from the canonical mass limit (e.g., van Kerkwijk et al., 1995; Barziv et al., 2001;

Quaintrell et al., 2003; van der Meer et al., 2005; Özel et al., 2009; Güver et al.,

2010).

The most precise measurements of NS masses are achieved by estimating the

relativistic effects to orbital motion in binary systems. The exquisite precision of

these mass measurements presents also a unique means to test general relativity

in the “strong field” regime (e.g., Damour & Taylor, 1992; Psaltis, 2008). As

the masses of NSs also retain information about the past value of the effective
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gravitational constant G, with the determination of the NS mass range it may be

even possible to probe the potential evolution of such physical constants (Thorsett,

1996).

A comprehensive insight into the underlying mass distribution of NSs thus

provides not only the means to study NS specific problems. It also offers diverse

sets of constraints that can be as broad as the high-mass star formation history

of the Galaxy (Gould, 2000), or as particular as the compression modulus of

symmetric nuclear matter (Glendenning, 1986; Lattimer et al., 1990).

1.2 Outline

Six chapters comprise this dissertation. The first is this introduction.

1.2.1 Chapter 2 - Evolution:

The advances in radio observations, increased sky coverage with deep expo-

sures of current surveys combined with robust post-bayesian statistical techniques

that incorporate minimal assumptions, give us unprecedented predictive power on

the joint period-spindown (P-Ṗ) and implied magnetic field (B) distributions.

In this Chapter, we attempt to go beyond phenomenological arguments and

test whether millisecond X-ray pulsars can produce the characteristics of the

observed millisecond radio pulsars within the framework of the standard model

(Bhattacharya & van den Heuvel, 1991, and references therein).
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1.2.2 Chapter 3 - Age:

In the previous Chapter, we set up a base by which we demonstrate that the

proper inclusion of evolutionary constraints alone gives a deeper insight into the

subsequent spin evolution (Kiziltan & Thorsett, 2009a).

In this Chapter, we propose a recipe to estimate pulsar ages that parametri-

cally incorporates additional evolutionary and physical constraints. We show that

the combined effect of a possible spin-up process during the LMXB phase and a

maximum spin period due to the limiting centrifugal forces imparts meaningful

constraints on the joint period (P) and spin-down (Ṗ) values that MSPs can at-

tain, which ultimately are used to estimate their ages. We detail the contribution

this new approach offers to our understanding of MSP evolution and elaborate

on the ramifications on several related problems such as the dominant energy loss

mechanism and braking indices of millisecond radio pulsars, white dwarf atmo-

spheres and cooling models, the underlying age distribution, the enigma of MSPs

that appear older than the galaxy they reside in, and the sources of MSP age

corruption.

1.2.3 Chapter 4 - Mass:

We start this Chapter with reviewing the theoretical constraints on NS masses.

Useful quantities such as the NS birth mass Mbirth, the amount of mass expected

to be transfered onto the NS primary during recycling ∆macc, and the viable

range of maximum mass cutoff value Mmax for NSs are derived. We then review
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observations and give a comprehensive list of all secure mass measurements. The

evolutionary paths that may produce double neutron star (DNS) and neutron

star-white dwarf (NS-WD) systems are summarized. We briefly describe the sta-

tistical approach used to probe the underlying NS mass distribution and detail the

process through which we test the performance. After we summarize the range of

implications, the conclusions that follow are discussed in detail. For brevity, the

details of the algorithm and the analytical derivation of the numerical method for

estimation are included in Chapter 5.

1.2.4 Chapter 5 - Statistics:

In this Chapter we present a statistical model which can be used to describe ra-

dio pulsar observations with their associated measurement errors. We then derive

the likelihood function required for parameter maximization, and the posterior

predictive probability function which is ultimately used to estimate the underly-

ing neutron star mass distribution.

In many data driven disciplines, especially in astronomy, data modeled as

Gaussian distributions are very common. In order to facilitate the generic use of

the algorithm for similar problems, we describe the derivation and the step-by-step

implementation of the MCMC process in detail.
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1.2.5 Chapter 6 - Discussion and Conclusions:

This Chapter is dedicated for detailed discussions and summarizing the con-

clusions. The line of quantitative arguments leading to the assessment that the

standard recycling model is incomplete are discussed. This is followed by summa-

rizing the broad range of implications of a more realistic age estimate for millisec-

ond pulsars. A parametric inclusion of evolutionary and physical constraints offer

quantitative insight into the range of ramifications, which are explored. Finally,

we discuss the implications of having a multi-modal neutron star mass distribution

which extends at least up to 2 M⊙ for neutron star evolution and nuclear physics.
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Part II

FUNDAMENTALS
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Chapter 2

EVOLUTION

2.1 Overview

We calculate the joint period-spindown (P-Ṗ) distributions of millisecond radio

pulsars (MSRPs) for the standard evolutionary model in order to test whether the

observed millisecond radio pulsars are the unequivocal descendants of millisecond

X-ray pulsars (MSXPs). The P-Ṗ densities implied by the standard evolutionary

model compared with observations suggest that there is a statistically significant

overabundance of young/high magnetic field millisecond radio pulsars. Taking

biases due to observational selection effects into account, it is unlikely that mil-

lisecond radio pulsars have evolved from a single coherent progenitor population

that loses energy via magnetic dipole radiation after the onset of radio emission.

By producing the P-Ṗ probability map, we show with more than 95% confidence

that the fastest spinning millisecond pulsars with high magnetic fields, e.g. PSR
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Figure 2.1 Parameters that shape the P-Ṗ demographics (see Equation 2.1). The

equilibrium period distribution (D) of millisecond X-ray pulsars (MSXPs) at the

end of the accretion phase which after they presumably transition into millisecond

radio pulsars (MSRPs) will be tightly constrained by the Keplerian orbital periods

at their Alfvèn radii (cyan line)(Ghosh & Lamb, 1992). The geometry combined

with the accretion rate (Ṁ), which ultimately limits the amount of angular mo-

mentum transfered onto the neutron star will determine the initial P/Ṗ fraction

at birth (orange line)(Arzoumanian et al., 1999). The dominant mechanism for

energy loss (e.g. n = 3 for pure dipole radiation) will shape the diagonal evolu-

tionary path (green line). The distribution of MSRPs along the green diagonal

line will be implicitly coupled with their Galactic birth rates (R).

B1937+21, cannot be produced by the observed millisecond X-ray pulsars within

the framework of the standard model.

2.2 The Joint Period - Spin Down Distribution

The evolution of millisecond pulsars can be consistently described in terms

of i) the equilibrium period distribution (D) of millisecond X-ray pulsars at the
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Figure 2.2 K-S probability distribution of the synthetic millisecond pulsar popu-

lations used to sample the joint P-Ṗ parameter space. The relaxed 2D K-S filter

allows additional acceptance of populations with 0.05 < P2DK-S < 0.2 by oversam-

pling the extreme outliers of the P-Ṗ distribution in order to probe for possible

contaminations and extreme fluctuations. The distribution also shows how op-

timally the P-Ṗ parameter space is sampled with a peak sampling rate around

the nominal acceptance value of P2DK-S ∼ 0.2. The dotted line is the relaxed 2D

K-S filter for the synthetic populations that is used to construct the predictive

distribution in Figure 2.3. The solid line is the conventional K-S filter that would

only accept strictly consistent P-Ṗ samples.

end of the LMXB evolution, ii) the mass accretion rates (Ṁ) of the progenitor

population during the recycling process, iii) Galactic birth rates (R), and iv) the

dominant energy loss mechanism after the onset of radio emission (Figure 2.1).

2.3 Modeling Millisecond Pulsar Evolution

We devise a semi-analytical evolution function E to parametrize the evolution

of millisecond pulsars after the accretion phase, which can be described in closed
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form as:

r∑

i=0

E(Di, Ṁi, Ri |α
k
i , β

k
i )

n=3
−−→ PDF(P, Ṗ ) (2.1)

where PDF is the probability distribution function. The shape parameters α

and β define the distributions (i.e., D, Ṁ, R for k=1,2,3) for the Beta functions1

(Evans et al., 2000) inferred from observations at each Monte-Carlo realization

“r”.

The evolution function E is then convolved for the standard model to sample

the P-Ṗ parameter space. We uniquely construct a “relaxed” multidimensional

Kolmogorov-Smirnov (K-S) filter (Figure 2.2) to check population consistencies

by calculating the 2D K-S (Fasano & Franceschini, 1987) probabilities (P2DK-S)

between observed millisecond radio pulsars and the synthetic population. The

filtering is re-iterated for each realization to obtain synthetic populations with

consistent distributions as:

D (α1
i , β

1
i )

filter
−−−→ Di (2.2)

Ṁ(α2
i , β

2
i )

filter
−−−→ Ṁi (2.3)

R (α3
i , β

3
i )

filter
−−−→ Ri (2.4)

which is then used to construct the PDF in Equation 2.1.

1Beta functions are commonly preferred in Bayesian statistics as the least restrictive and
most flexible prior distributions. It can take the form of an uninformative (e.g. uniform) prior,
a monotonic line, concave, convex, unimodal (e.g. normal) or any extreme combinations of these
shapes.
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Figure 2.3 P-Ṗ distribution of millisecond pulsars for the standard model vs.

observed MSRPs.

2.3.1 Two Dimensional Approach for Population Consis-

tency

Nominally any P2DK-S > 0.2 value would imply consistent populations in a

2D K-S test. By allowing 0.005 < P2DK-S < 0.2 with lower fractions (see Fig-

ure 2.2), we oversample outliers to compensate for possible statistical fluctuations

and contaminations. A peak sampling rate around the nominal acceptance value

of P2DK-S ∼ 0.2 is the most optimal scheme that prevents strong biases due to over

or under-sampling. The main goal for oversampling outliers and relaxing the K-S

filter is to test whether the standard model can at least marginally produce very

fast millisecond pulsars with relatively high magnetic fields like PSR B1937+21.

Figure 2.3 shows the expected P-Ṗ distribution for the standard model as-
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Figure 2.4 Smoothed P-Ṗ distribution of millisecond pulsars for the standard

model vs. observed MSRPs. Instead of of using the exact “observed” period

distribution of MSXPs as the input P distribution for producing the expected

P-Ṗ distribution, we use an extrapolated/smoothed version of the MSXP period

distribution to produce the probability map for the standard model. Borders,

lines and plotted sources are the same as in Figure 2.3.

suming that millisecond radio pulsars have evolved from a progenitor population

similar to the observed millisecond X-ray pulsars. To explore the extend of the

effects of an unevenly sampled progenitor population, we also show the region in

the P-Ṗ space that is sensitive to alternative PMSXP distributions. The probability

map is overlaid with the observed millisecond radio pulsars. The color contours

are the expected millisecond radio pulsar distribution for the observed millisec-

ond X-ray pulsars, with red representing the highest density. Any millisecond

radio pulsar outside of the color contours cannot be produced by the observed

millisecond X-ray pulsars with more than 95% confidence. The dashed red line
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Figure 2.5 P-Ṗ distribution of millisecond pulsars that have progenitors accreting

with ṁ = ṀEdd for the standard model vs. observed MSRPs. Borders, lines and

plotted sources are the same as in Figure 2.3.

is the 68% confidence limit of the expected P-Ṗ distribution taking the observed

millisecond X-ray pulsars as the progenitor population. millisecond radio pulsars

within the shaded region may be produced by millisecond X-ray pulsars with spin

distributions different than what is observed. The area shaded with lines assumes

a maximum spin frequency νmax = 619 Hz, which the fastest spinning observed

millisecond X-ray pulsar (i.e. 4U 1608−52). The shaded area extends to the dot-

ted region if the maximum spin frequency for millisecond X-ray pulsars is allowed

to be νmax = 760 Hz which is the theoretical upper limit predicted by Chakrabarty

et al. (2003). The blue squares and red circles are the observed millisecond radio

pulsars in single and binary systems respectively. The area outside of the shaded

region is not sensitive to the prior, i.e. the observed millisecond radio pulsars out-
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Figure 2.6 P-Ṗ distribution of millisecond pulsars that have progenitors accreting

with ṁ = 10−1 × ṀEdd for the standard model vs. observed MSRPs. Borders,

lines and plotted sources are the same as in Figure 2.3.

side of the shaded area cannot be produced consistently by the standard model

for any millisecond X-ray pulsar spin distribution with more than 95% confidence.

The spin-down values for the observed millisecond radio pulsars are corrected for

secular acceleration. (Shklovskii, 1970; Camilo et al., 1994). The spin-up line

(Ṗ ∼ ṁP
4/3
0 ) for ṁ = ṀEdd and the characteristic age line for τc = 1010 yrs are

shown with dashed and dash-dotted lines.

The predictive significance of the P-Ṗ distribution for the probability map

(Figure 2.3) is obtained from a Monte-Carlo run with r = 107 valid realizations

that produce consistent synthetic samples. Whilst sampling the P-Ṗ space, no

assumptions were made regarding the progenitor period distribution (D), the

accretion (Ṁ), or the Galactic birth (R) rates. The filter (Equations 2.2, 2.3, 2.4)
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Figure 2.7 P-Ṗ distribution of millisecond pulsars that have progenitors accreting

with ṁ = 10−2 × ṀEdd for the standard model vs. observed MSRPs. Borders,

lines and plotted sources are the same as in Figure 2.3.

is implicitly driven by the observed millisecond radio pulsars. In order to produce

an extrapolated version of Figure 2.3, we smooth the input the period distribution

D originally obtained from the observed millisecond X-ray pulsars in Figure 2.4.

2.3.2 The Effect of Different Accretion Rates

To address the common misconception that all MSP progenitors are accreting

at a certain rate, we produce the expected P-Ṗ distribution of descendent popu-

lations that evolve from progenitors accreting with rates ṁ = ṀEdd, 10−1 × ṀEdd,

10−2×ṀEdd, and 10−3×ṀEdd in Figure 2.5, Figure 2.6, Figure 2.7, and Figure 2.8,

respectively.

It is clear that, within the framework of the standard recycling scenario, the
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Figure 2.8 P-Ṗ distribution of millisecond pulsars that have progenitors accreting

with ṁ = 10−3 × ṀEdd for the standard model vs. observed MSRPs. Borders,

lines and plotted sources are the same as in Figure 2.3.

observed millisecond radio pulsar population cannot have evolved from a progen-

itor population that accreted predominantly at a single constant rate, but rather

must have evolved from a population which experienced accretion rates that are

relatively diverse.

The P-Ṗ distributions in Figure 2.3 and Figure 2.4 are produced from inte-

grated descendant populations that were marginally consistent with the observed

millisecond radio pulsars. No input distribution for Ṁ was assumed.

2.3.3 Selection Effects

We investigate the marginal effects of selection biases that may exacerbate

the observability of pulsars with young characteristics ages and relatively high
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Figure 2.9 Exaggerated (×10) effect of the generic power-law dependence of pulsar

luminosities (L ∼ P−1.5 × Ṗ 0.5) on the P-Ṗ distribution. Color contours show the

99% confidence range. While there are competing selection biases that affect MSP

observations, the power-law dependence of pulsar luminosities on P and Ṗ, in

fact, is expected to exacerbate the observability of high magnetic field millisecond

pulsars such as PSR B1937+21. Here, we calculate the contribution of this bias

to the expected P-Ṗ demographics. In addition to including a selection bias that

only exacerbates the observability of young/high magnetic field MSPs, in order

to remain conservative in our estimates we inflate the contribution further by a

factor of 10.

magnetic fields such as PSR B1937+21. While we lack a scheme that properly

quantifies the effects of selection biases for millisecond pulsars, it has been sug-

gested that pulsar luminosities have a power-law dependence on P and Ṗ, i.e.

L ∼ P α × Ṗ β where α = −1.5 and β = 0.5. Several other selection biases such as

pulse smearing are known to qualitatively hamper the observability of the fastest

millisecond pulsars that have broader pulse features. For the purpose of testing
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(a) The expected millisecond pulsar distribu-

tion for the standard model with no selection

effects included.
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(b) The expected millisecond pulsar distri-

bution for the standard model with the in-

clusion of the P-Ṗ power law dependence of

luminosity. The effect is exaggerated by a

factor of ten.

Figure 2.10 Comparing the marginal effect of selection biases on the observable

millisecond pulsar distribution.

whether sources such as PSR B1937+21 can be produced within the framework of

the standard recycling scenario, we marginalize the P-Ṗ distribution by inflating

the effect(s) that can potentially boost the observability (i.e. positive bias) of high

magnetic/young millisecond pulsars.

In Figure 2.9, we not only bias the P-Ṗ distribution from Figure 2.4 to replicate

the effect of a power-law luminosity dependence with α = −1.5 and β = 0.5 as

suggested by Faucher-Giguère & Kaspi (2006), but also inflate the effect by a

factor of ten in order to remain conservative in our assessment.

Figure 2.10 shows how the proposed luminosity law would affect the probability

distribution of MSPs in the P-Ṗ plane. It is important to point out that only one

31



(positive) selection bias is included, and the effect has been exaggerated by a

factor of ten.

The color contours in Figure 2.9 represents the 99% confidence range for a

case in which only one selection bias that would exacerbate the observability was

taken into account. Even for a case in which a positive bias was inflated, the

production of pulsars such as PSR B1937+21, and the descendants evolving via

the same evolutionary channel, appears implausible within the framework of the

standard recycling scenario.
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Chapter 3

AGE

3.1 Overview

In the absence of constraints from the binary companion or supernova rem-

nant, the standard method for estimating pulsar ages is to infer an age from the

rate of spin-down. While the generic spin-down age may give realistic estimates

for normal pulsars, it can fail for pulsars with very short periods. Details of the

spin-up process during the low mass X-ray binary (LMXB) phase pose additional

constraints on the period (P) and spin-down rates (Ṗ) that may consequently

affect the age estimate. Here, we propose a new recipe to estimate millisecond

pulsar (MSP) ages that parametrically incorporates constraints arising from bi-

nary evolution and limiting physics. We show that the standard method can be

improved by this approach to achieve age estimates closer to the true age while

the standard spin-down age may overestimate or underestimate the age of the
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pulsar by more than a factor of ∼10 in the millisecond regime.

We use this approach to analyze the population on a broader scale. For in-

stance, in order to understand the dominant energy loss mechanism after the

onset of radio emission, we test for a range of plausible braking indices. We find

that a braking index of n=3 is consistent with the observed MSP population. We

demonstrate the existence and quantify the potential contributions of two main

sources of age corruption: the previously known “age bias” due to secular accel-

eration and “age contamination” driven by sub-Eddington progenitor accretion

rates. We explicitly show that descendants of LMXBs that have accreted at very

low rates (ṁ ≪ ṀEdd) will exhibit ages that appear older than the age of the

Galaxy. We further elaborate on this technique, the implications and potential

solutions it offers regarding MSP evolution, the underlying age distribution and

the post-accretion energy loss mechanism. 1

3.2 The Spin Up Process

The period and spin-down (P-Ṗ) relation of a particular MSP at the epoch

when it turns on its radio emission can be scaled as

Ṗ ∝ ṁP
4/3
0 , (3.1)

as the neutron star can ultimately be spun-up no further than the spin period

delineated by the Keplerian velocity at the Alfvén radius (Ghosh & Lamb, 1992).

1http://www.kiziltan.org/research/MSP/ages.html: Full resolution color figures and
movies are available at this URL.
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We will use the least conservative upper bound of this scaling factor as an upper

limit for the region where MSPs may be re-born. A single birth line instead

would imply that these MSPs have accreted at near-Eddington rates (ṁ ≃ ṀEdd),

which appears unreasonable, at least for a significant fraction of the observed MSP

population as indicated by the paucity of sources near the spin-up line (see §6.2

for discussion).

We also now know that it is more than likely that the observed majority of

MSPs do not initially re-appear in the vicinity of the spin-up line (Kiziltan &

Thorsett, 2009a). The region where MSPs are re-born as radio sources on the P-

Ṗ diagram is strongly correlated with the dominant accretion rate (ṁ) experienced

during the last phases of LMXB evolution, which is poorly constrained. For the

scope of this paper, using the spin-up line as a marginal upper boundary for

the region where MSPs are re-born as radio sources (i.e. where the spin-down

trajectories on the P-Ṗ plane start) will adequately account for possible nonlinear

offsets due to other inherent uncertainties and assumptions made in Equation 3.1

regarding the accretion geometry (streams of hot plasma flowing onto the neutron

stars’ polar caps instead of uniform spherical or wind accretion) or the opacity of

the accreted material (sensitive to whether the companion has an H or He rich

envelope attached to a CO or ONeMg core, see §3.3.1.2).

On the other hand, the cumulative uncertainty of a presumed spin-up line that

would offset or tilt a particular re-birth line cannot be arbitrarily big (Arzouma-

nian et al., 1999; Frank et al., 2002). Also, within the context of the standard

recycling scenario (Alpar et al., 1982; Radhakrishnan & Srinivasan, 1982; Bhat-
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tacharya & van den Heuvel, 1991, see for review), the “spin-up line” is merely

an upper boundary below which MSPs are expected to be born rather than the

line of culmination. To this day, there are no recycled pulsars observed above

the spin-up line, except few in globular clusters (GCs) which have very uncertain

evolutionary histories. Therefore, we will limit ourselves to Galactic MSPs whose

spin-down history, orbital dynamics and Galactic kinematics remain unperturbed

by gravitational encounters.

3.3 Millisecond Pulsar Ages

The standard approach to estimate pulsar ages in the absence of additional

constraints from either a possible association to an SNR or a stellar companion,

has been to use the characteristic age as a proxy to the true age. The main

goal of our work is to better understand the non-trivial relationship between the

physically important true age and the observationally accessible characteristic age.

We will refer to the time that has passed since the cessation of accretion as the

“(true) age: τt” of a recycled pulsar.

3.3.1 Alternative Methods To Estimate Pulsar Ages

3.3.1.1 Ages From Kinematics and Supernova Remnants

For some young pulsars that have reliable proper motion and distance measure-

ments, a kinematic age estimate can be made by tracing the pulsar’s trajectory in
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the galactic gravitational potential. However, without a firmly established birth

site, kinematic ages are at best an indirect means to constrain pulsar ages.

For MSPs, that have no associated SNRs and have ages that are much longer

than the orbital timescales in the Galactic potential, all kinematic age information

has been lost.

3.3.1.2 White Dwarf Cooling Ages

After the discovery of optical emission from pulsar companions (Kulkarni,

1986), white dwarfs were soon realized as an alternative means to estimate the

age of an MSP. Once active accretion has ceased in LMXBs with a recycled pulsar

primary, the white dwarf begins to subsequently radiate its internal heat after

it burns off the remaining envelope. So, the beginning of white dwarf cooling

also marks the epoch when the spin-down starts for its companion. Therefore,

in principle, the white dwarf cooling ages are expected to be consistent with the

ages of their MSP companions (Hansen & Phinney, 1998a,b).

The basics of white dwarf cooling models are potentially accessible to theo-

retical understanding because of the simple thermal structure of the white dwarf.

The whole system is kept isothermal due to the efficient heat conduction of de-

generate electrons. However, in practice, cooling ages remain difficult to estimate

once realistic (and complex) effects of surface physics and stellar structure are

included, leading to discrepancies and controversies in the interpretation of spe-

cific observations (Wood, 1992; Sarna et al., 1998, 2000; Schönberner et al., 2000;

Althaus et al., 2001b,a; van Kerkwijk et al., 2005).
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Possibly more promising than the original goal of using white dwarf cooling

ages to constrain the properties of MSPs, one might instead hope to use better

constrained MSP ages (τ̃ , see §3.4) to understand white dwarf atmospheres and

cooling models.

3.3.2 Characteristic Ages: Idealized Pulsar Spin-Down

For millisecond radio pulsars, unbiased2 characteristics ages (τ ′
c) become upper

limits to the true ages (τt) as the spin-down trajectories are truncated below the

spin-up line. MSPs can be re-born on the spin-up line only if they accrete at an

Eddington rate (ṁ = ṀEdd) during recycling (see Equation 3.1). Because of likely

sub-Eddington accretion rates experienced during the LMXB phase (Kiziltan &

Thorsett, 2009a), the majority of the spin-down trajectories start well below the

spin-up line. A considerable fraction of millisecond radio pulsars (∼30%) would

even be expected to be born below the Hubble line. In this approximation, τc

is derived by implicitly assuming pure dipole spin-down in the absence of other

forms of additional torques and braking that might affect the apparent age. Other

potential spin-down torques during the early stages after recycling such as gravita-

tional or multipole radiation (Bildsten, 1998; Krolik, 1991) are also assumed to be

absent when τc is inferred from the observed P-Ṗ values. Possible non-monotonic

field decay before magnetic stability sets in may also contribute to the corruption

2For consistency, we designate unbiased values that are corrected for secular acceleration
(i.e., Shklovskii effect) by adding “ ′ ” to the parameter in lieu of referring them as “intrinsic”
values. While the unbiased spin-down rates will represent the intrinsic values (i.e., Ṗ ′ = Ṗi), the
unbiased characteristic age τ ′

c
= P/2Ṗ ′ is neither the intrinsic nor the true age (i.e., τ ′

c
6= τi = τt,

see §6.2 for discussion).
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of characteristic ages.

One bias for which we can properly correct is the effect of secular acceleration,

i.e., Shklovskii effect (Shklovskii, 1970). The observed Ṗ values include an addi-

tional apparent spin-down factor introduced because of the increasing projected

distance between the pulsar and the solar system barycenter. This leads to a

quadratic centrifugal term (Camilo et al., 1994),

Ṗs = 1.08 × 10−18 ×
( vt

100

)2

× D−1
kpc × P (3.2)

in

Ṗ

P
≈

Ṗ ′

P
+

v2
t

cD
≡

Ṗ ′

P
+

Ṗs

P
(3.3)

where Ṗ and Ṗ ′ are the measured and unbiased spin-down rates for a pulsar at a

distance D (in units of kpc) with a transverse velocity vt (in units of 100 km s−1).

Figure 3.1 shows the observed MSP population and the extent of the bias in-

troduced by secular acceleration. MSPs that have a combination of relatively high

transverse velocities and small distance measurements, have higher corresponding

correction factors, e.g. for PSR J0034−0534 (D=0.98 kpc, vt ≃146.3 km s−1) and

PSR B1257+12 (D=0.77 kpc, vt ≃350.6 km s−1) the corresponding correction

factors are Ṗ /Ṗ ′ ∼9.3 and 16.9 respectively.
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3.4 A Modified Spin Down Age for Millisecond

Pulsars (τ̃)

One of the reasons why characteristic age estimates become less reliable for

MSPs, even after the observed spin-down rates are unbiased for secular accelera-

tion, is due to the assumption that the birth periods are much smaller than their

currently observed spin periods (P0 ≪P), which fails for a considerable fraction

of the population (see §6.2). 3

In fact, the predicted MSP spin-down age is proportional to the integrated

(and normalized) spin-down path from P0 to P. The difference in the integrated

trajectories will depend on the initial spin period P0, which remains an unknown

parameter in most cases. We know that the spin-down trajectory in the case when

recycling and a constraining maximum spin limit are taken into account is more

compressed than what the standard approach predicts. Therefore, with tighter

upper limits on the true age, τ̃ will give an age estimate that is closer to τt.

Given enough time, MSPs may reach a limiting equilibrium phase where they

begin to lose angular momentum gained from accretion by shedding mass. A

maximum spin limit beyond which a neutron star cannot be spun-up due to this

continuous loss of excess angular momentum will truncate the spin-down trajec-

tories vertically. Several authors (Haensel & Zdunik, 1989; Friedman & Ipser,

1992; Cook et al., 1994) have constructed equilibrium sequences for neutron stars

3http://www.kiziltan.org/research/MSP/ages.html: See a time-lapse movie for the true
age evolution of millisecond pulsars at this URL.
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where a range of mass shedding periods are calculated for different equations of

states including the effects of rapid rotation and large deviations from spherical

symmetry. While the theoretical best-fit values range between Psh =1.28-1.32 ms

for neutron stars with realistic configurations, for some extreme cases they find

that a limiting period of Psh & 0.85 ms may be plausible. Chakrabarty et al.

(2003) find evidence for a statistically significant upper limit at Psh ≃1.32 ms.

We therefore use a putative value of Psh ∼1 ms and include it parametrically to

perform calculations.

The critical magnetic field Bc will be the locus of points extending from the

intersection of the diagonal spin-up line and the vertical mass shedding limit.

MSPs with magnetic fields below Bc can only be spun-up to the limiting mass

shedding period. The critical magnetic field is Bc= (3.36+0.7
−0.9)×108 G for P=1 ms

where the spin-up line is prescribed as Ṗ = αP 4/3 for α = (1.1±0.5)×10−15s−4/3

(Arzoumanian et al., 1999).

We can formulate an age estimate that implements the constraints arising from

recycling and mass shedding:

τ̃ (B > Bc) =
P

(n − 1) Ṗ



1 −

(
α̃ Ṗ 3/7

P 4/7

)n−1


 (3.4)

τ̃ (B < Bc) =
P

(n − 1) Ṗ

[
1 −

(
Psh

P

)n−1
]

(3.5)

where Psh is the mass shedding limit. We parametrically adopt the re-normalized

coefficient α̃ = 2.6+0.7
−0.4 × 106s4/7 and use it as a fiducial value. Although α̃ in-

herently has numerous sources of uncertainty, the corresponding minimum post-
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accretion period that defines the spin-up line depends on the total accreted mass,

but is insensitive to other parameters (see Phinney & Kulkarni, 1994). Arzouma-

nian et al. (1999) find an upper limit of α = 1.6 × 10−15s−4/3 to be empirically

reasonable which we adopt to marginalize α̃.

At low magnetic fields (B. Bc), the Alfvén radii (rA ∝ B
4/7
s ) shrink essentially

down to the surface of the neutron star and angular momentum is transferred more

efficiently and stably on longer timescales. Therefore the spin-down trajectories

for neutron stars with lower magnetic fields are more likely to start closer to the

vertical re-birth line (∼Psh).

The level of truncation of the spin-down trajectories can be more dramatic for

neutron stars with very low magnetic fields and short periods (P. 3 ms). These

MSPs with B. 108G are expected then to be born with periods very close to their

observed ones (P≃P0) and therefore are more likely to be much younger than they

appear.

Table 3.4 and Table 3.4 show millisecond pulsar characteristic and modified

ages. In Figure 3.1 the sets of blue and red lines are MSP age (τ̃ ) lines for braking

indices n=3 (red: dash) and 5 (blue: dash-dot). It is noteworthy to point out that

for MSPs whose angular momentum and energy loss is dominated by multipole or

quenched by gravitational wave radiation, the scaling factor in Equation 3.1 can be

different. The blue line in Figure 3.1 demonstrates the potential level of additional

bias for the case in which gravitational wave radiation is the dominant mechanism

for energy loss as opposed to braking due to pure dipole radiation. MSPs that lose

energy via more efficient processes will traverse the spin-down path much faster,
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and consequently mimic older ages. As a result, the contribution of more efficient

processes will exacerbate the age overestimate further.

Figure 3.2 shows the true age trend for MSPs. The synthetic population is

produced with the method described in Kiziltan & Thorsett (2009a), where the

MSP evolution is parameterized by the evolution functional E(D, Ṁ, R), in

which D is the initial period (P0) distribution of the progenitor population, Ṁ

is the distribution of predominant accretion rates experienced during the lat-

est phases before the onset of radio emission, and R is the galactic birth rate.

The parameter space (D, Ṁ, R) is sampled by producing purely random synthetic

populations. Then, only the input parameters that produce synthetic samples

consistent with the observed MSP population are used for the construction of

the underlying P-Ṗ demographics. For the filtration process, we use a relaxed

multi-dimensional Kolmogorov-Smirnov (K-S) test as the consistency crite-

ria for the multi-layered Monte-Carlo integration scheme (Fasano & Franceschini,

1987, and references therein).

We choose sub-samples that are uniformly selected from the underlying MSP

population to produce Figure 3.2 and Figure 3.3. While selection biases play

a role in which MSPs are preferentially observed, the reflected age trend will

remain unaffected. Therefore, the age trend of the underlying population both in

Figure 3.2 and Figure 3.3 is expected to be a realistic reflection of the true age.

4τc and τ̃ are the biased ages while τ ′

c
and τ̃ ′ are unbiased for the effects of secular acceleration.

Associated errors that are more than 5% of the most likely value are tabulated. Calculations
are performed in double precision before rounding.
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Table 3.1. Ages of millisecond pulsars with proper motion measurements

Pulsar τc [Gyr] τ ′
c [Gyr] eτ [Gyr] eτ ′ [Gyr] τc/eτ ′

J0030+0451 7.56 7.65 7.24 7.32 1.03

J0034−0534 6.00 55.71 4.29 39.90 0.15

J0218+4232 0.48 0.48 0.34+0.04
−0.09 0.35+0.04

−0.09 1.37+0.48
−0.14

J0437−4715 1.59 6.12 1.47 5.94 0.27

J0610−2100 4.93 17.92 4.60 16.72 0.30

J0613−0200 5.06 5.28 4.52 4.72 1.07

J0621+1002 9.67 10.01 9.56 9.91 0.98

J0711−6830 5.80 10.46 5.61 10.11 0.57

J0737−3039A 0.20 0.20 0.14+0.02
−0.04 0.14+0.02

−0.04 1.43+0.57
−0.18

J0751+1807 7.08 7.25 6.49 6.66 1.06

J1012+5307 4.87 6.48 4.69 6.25 0.78

J1023+0038 2.23 2.50 1.45 1.62 1.37

J1045−4509 6.77 10.91 6.63 10.71 0.63

B1257+12 0.86 14.58 0.75 14.21 0.06

J1453+1902 7.91 8.46 7.68 8.21 0.96

J1455−3330 5.21 8.07 5.07 7.93 0.66

J1518+4904 23.84 29.34 23.74 29.23 0.82

B1534+12 0.25 0.25 0.19+0.01
−0.04 0.20+0.01

−0.04 1.24+0.32
−0.05

J1600−3053 6.00 6.76 5.54 6.24 0.96

J1603−7202 14.98 17.94 14.85 17.81 0.84

J1640+2224 17.71 30.59 15.94 27.53 0.64

J1643−1224 3.96 5.04 3.77 4.81 0.82

J1709+2313 20.21 49.45 19.27 47.15 0.43

J1713+0747 8.49 9.01 8.08 8.58 0.99

J1738+0333 3.85 4.07 3.71 3.93 0.98

J1744−1134 7.24 9.36 6.80 8.80 0.82

B1855+09 4.80 4.92 4.63 4.75 1.01

J1909−3744 3.34 17.08 2.95 15.12 0.22

J1911−1114 4.05 9.13 3.74 8.44 0.48

B1913+16 0.11 0.11 0.07+0.01
−0.03 0.07+0.01

−0.03 1.66+1.09
−0.29

B1937+21 0.24 0.24 0.10+0.04
−0.09 0.10+0.04

−0.09 2.37+21.63
−0.66

J1944+0907 4.80 8.59 4.63 8.27 0.58

B1953+29 3.27 3.41 3.14 3.27 1.00

B1957+20 1.51 2.23 0.92 1.37 1.10

J2019+2425 8.88 24.34 8.31 22.77 0.39

J2051−0827 5.63 5.81 5.35 5.52 1.02

J2124−3358 3.79 6.25 3.64 5.99 0.63

J2129−5721 1.98 2.09 1.84 1.94 1.02

J2145−0750 8.53 9.81 8.42 9.69 0.88

J2235+1506 5.99 9.13 5.92 9.04 0.66

J2317+1439 22.55 36.18 20.65 33.13 0.68

J2322+2057 7.85 18.49 7.51 17.69 0.44

Note. — PSRs J1024−0719, J1801−1417 and J2229+2643 have Ṗ ′ < 0 for

vt=146, 208 and 115 km s−1 respectively. B1937+21 is likely to be significantly

younger than its characteristic age.4
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Table 3.2. Ages of millisecond pulsars with no proper motion measurements

Pulsar τc [Gyr] τ ′
c [Gyr] eτ [Gyr] eτ ′ [Gyr] τc/eτ ′

J0407+1607 5.15 5.64 5.06 5.55 0.93

J0609+2130 3.76 4.37 3.68 4.30 0.87

J0900−3144 3.59 5.11 3.47 4.99 0.72

J1038+0032 6.82 8.50 6.73 8.40 0.81

J1125−6014 10.39 16.37 8.89 14.00 0.74

J1157−5112 4.83 5.85 4.75 5.77 0.84

J1232−6501 1.72 1.75 1.67 1.69 1.02

J1420−5625 8.01 11.67 7.91 11.57 0.69

J1435−6100 6.05 6.92 5.92 6.79 0.89

J1439−5501 3.20 4.46 3.11 4.36 0.73

J1454−5846 0.88 0.89 0.81 0.83 1.06

J1528−3146 3.87 5.28 3.80 5.20 0.74

J1629−6902 9.51 18.16 9.24 17.66 0.54

J1721−2457 9.39 15.93 8.62 14.62 0.64

J1730−2304 6.37 42.92 6.24 42.27 0.15

J1732−5049 6.10 7.92 5.88 7.64 0.80

J1745−0952 3.23 3.56 3.14 3.46 0.93

J1751−2857 5.49 7.42 5.13 6.93 0.79

J1753−1914 0.49 0.50 0.44 0.45 1.10

J1753−2240 1.91 1.98 1.85 1.93 0.99

J1756−2251 0.44 0.45 0.38 0.38 1.16

J1757−5322 5.34 7.30 5.21 7.16 0.75

J1802−2124 2.78 2.95 2.68 2.84 0.98

J1804−2717 3.62 4.59 3.50 4.46 0.81

J1810−2005 3.44 3.66 3.36 3.57 0.96

J1841+0130 0.058 0.058 0.010+0.013
−0.010 0.010+0.013

−0.010 5.85+∞

−3.33

J1843−1113 3.05 3.41 2.15 2.41 1.27

J1853+1303 7.33 10.65 6.89 10.01 0.73

J1903+0327 1.81 1.85 1.42 1.45 1.25

J1904+0412 10.24 12.40 10.16 12.32 0.83

J1905+0400 12.34 33.12 11.47 30.81 0.40

J1910+1256 8.08 11.27 7.76 10.81 0.75

J1911+1347 4.29 5.24 4.09 4.99 0.86

J1918−0642 5.05 6.69 4.91 6.55 0.77

J2010−1323 17.17 185.03 16.54 178.24 0.10

J2033+17 8.57 14.86 8.33 14.44 0.59

Note. — We assume vt=100 km s−1 for the Shklovskii correction in order

to see the potential bias. PSRs J1022+1001, J1216−6410, J1829+2456 and

J1933−6211 have Ṗ ′ < 0 for vt=100 km s−1. PSR J1841+0130 is likely to be

significantly younger than its characteristic age.4
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Figure 3.1 Observed distribution of Galactic MSPs: black dots (•) indicate un-

biased spin-down rates (Ṗ
′
) for MSPs that have proper motion measurements.

Vertical solid lines are the corresponding Shklovskii correction. MSPs with no

proper motion measurements (◦) are corrected for an assumed vt = 100 km s−1

in order to see the potential level of bias. The magenta squares are MSPs (�:

PSRs J1022+1001, J1216–6410, J1829+2456 and J1933–6211) for which the spin-

down rates are corrected only for an assumed vt = 50 km s−1 while these MSPs

will otherwise appear to be spinning-up, i.e. Ṗ
′

v100
< 0. The green triangles are

MSPs (N: PSRs J1024–0719, J1801–1417 and J2229+2643) with proper motion

measurements for which Ṗ
′
< 0 and therefore are left uncorrected. The red and

blue lines are the MSP age (τ̃) lines for braking indices n=3 ( - - - ) and 5 ( - · -

). The diagonal solid line is the spin-up line Ṗ ∼ ṁP
4/3
0 for ṁ = ṀEdd. The

diagonal dotted lines ( ... ) are the inferred dipole field strengths. Bc ( −−

) is the

critical magnetic field below which MSPs can be spun up to the mass shedding

limit Psh ≃1 ms.
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Figure 3.2 Expected true age distribution of the underlying MSP population:

color represents the true age (τt). Downward arrows (↓) are the neutron star spin

frequencies measured in LMXBs which are used as progenitor seeds to reconstruct

the synthetic population.
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Figure 3.3 P-Ṗ and underlying age distribution of MSPs (a) before and (b) after

correcting for effects of secular acceleration: color represents the true age (τt)

and the diagonal dashed lines are the inferred characteristic age (τc) lines. The

progenitor seeds used to produce the synthetic population are randomly sampled

from the period distribution of observed millisecond X-ray pulsars (downward

arrows). (a) The transverse velocities and distances are chosen to be consistent

with the observed millisecond radio pulsar population in order to see the potential

bias in the P-Ṗ demographics. (b) The P-Ṗ distribution for the same sample MSP

population after correcting for effects of secular acceleration. The process that

disguises older MSPs as younger sources can be reversed by properly correcting

(unbiasing) for the Shklovskii effect, whereas the population will still harbor young

MSPs with apparent older ages. This (downward) age contamination is driven by

the lower mass accretion rates experienced during the LMXB phase. We predict

that a significant fraction of millisecond radio pulsars (∼30%) will be born with

characteristic ages older than the age of the Galaxy.
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Figure 3.4 Effects of secular acceleration on the MSP age distribution (see also

Figure 3.3): ages inferred from measured P and Ṗ values will overestimate or

underestimate the true age (dashed line). Unbiased characteristic ages (τ ′
c) reflect

mere overestimates (solid line) where ∼30% of MSPs will have a τ ′
c overestimating

the true age by more than a factor of 2.
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Chapter 4

MASS

4.1 Overview

In recent years, the number of pulsars with secure mass measurements has

increased to a level that allows us to probe the underlying neutron star mass

distribution in detail. We critically review radio pulsar mass measurements and

present a detailed examination through which we are able to put stringent con-

straints on the underlying neutron star mass distribution. For the first time, we

are able to analyze a sizable population of neutron star-white dwarf systems in

addition to double neutron star systems with a technique that accounts for sys-

tematically different measurement errors. We find that neutron stars that have

evolved through different evolutionary paths reflect distinctive signatures through

dissimilar distribution peak and mass cutoff values. Neutron stars in double neu-

tron star and neutron star-white dwarf systems show consistent respective peaks

50



at 1.35 M⊙ and 1.50 M⊙ which suggest significant mass accretion (∆m ≈ 0.15 M⊙)

has occurred during the spin up phase. The width of the mass distribution im-

plied by double neutron star systems is indicative of a tight initial mass function

while the inferred mass range is significantly wider for neutron stars that have

gone through recycling. We find a mass cutoff at 2 M⊙ for neutron stars with

white dwarf companions which establishes a firm lower bound for the maximum

neutron star mass. This rules out the majority of strange quark and soft equa-

tion of state models as viable configurations for neutron star matter. The lack of

truncation close to the maximum mass cutoff suggests that the 2 M⊙ limit is set

by evolutionary constraints rather than nuclear physics or general relativity, and

the existence of rare super-massive neutron stars is possible.

4.2 Theoretical Constraints

4.2.1 Birth Mass

The canonical mass limit Mch ∼ 1.4 M⊙ is the critical mass beyond which the

degenerate remnant core of a massive star or a white dwarf will lose gravitational

stability and collapse into a NS. This limiting mass is an approximation which

is sensitive to several nuclear, relativistic and geometric effects (see Ghosh, 2007;

P. Haensel, A. Y. Potekhin, & D. G. Yakovlev, 2007, for review). In addition to

these effects, the variety of evolutionary processes that produce NSs warrant a

careful treatment.
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A more precise parametrization of the Chandrasekhar mass is

Mch = 5.83 Y 2
e (4.1)

where Ye = np/(np+nn) is the electron fraction. A perfect neutron-proton equality

(np = nn) with Ye = 0.50 yields a critical mass of

Mch = 1.457 M⊙. (4.2)

However, we have a sufficiently good insight into the processes that affect Mch.

So, we can go beyond the idealized cases and estimate the remnant’s expected

initial mass more realistically.

The inclusion of more reasonable electron fractions (Ye < 0.50) yields smaller

values for Mch. General relativistic implications, surface boundary pressure cor-

rections, and the reduction of pressure due to non-ideal Coulomb interactions

(e−-e− repulsion, ion-ion repulsion and e−-ion attraction) at high densities all

reduce the upper limit of Mch.

On the other hand, the electrons of the progenitor (i.e., white dwarf or the

core of a massive star) material are not completely relativistic. This reduces the

pressure leading to an increase in the amount of mass required to reach the grav-

itational potential to collapse the star. Finite entropy corrections and the effects

of rotation will also enhance the stability for additional mass. These corrections,

as a result, yield a higher upper limit for Mch.

The level of impact on the birth masses due to some of these competing ef-

fects is not well constrained as the details of the processes are not well under-

stood. An inclusion of the effects that are due to the diversity in the evolutionary
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processes alone requires a ≈ 20% correction (for a detailed numerical treatment

see Butterworth & Ipser, 1975) and therefore implies a broader mass range, i.e.

Mch ∼ 1.17–1.75 M⊙.

The measured masses, however, are the effective gravitational masses rather

than a measure of the baryonic mass content. After applying the quadratic cor-

rection term Mbaryon − Mgrav ≈ 0.075 M2
grav, we get

Mbirth ∼ 1.08–1.57 M⊙ (4.3)

as a viable range for gravitational NS masses at birth.

4.2.2 Accreted Mass

There is considerable evidence that at least some millisecond pulsars have

evolved from a first generation of NSs which have accumulated mass and angular

momentum from their evolved companion (Alpar et al., 1982; Radhakrishnan &

Srinivasan, 1982; Wijnands & van der Klis, 1998; Markwardt et al., 2002; Gal-

loway et al., 2002, 2005). There is also a line of arguments that support the

possibility of alternative evolutionary processes that may enrich the millisecond

pulsar population (Bailyn & Grindlay, 1990; Kiziltan & Thorsett, 2009a).

Possible production channels for isolated millisecond pulsars are mergers of

compact primaries or accretion induced collapse (AIC). In the case where a NS is

produced via AIC, the final mass configuration of the remnant is determined by

the central density of the progenitor (C-O or O-Ne white dwarf) and the speed at

which the conductive deflagration propagates (Woosley & Weaver, 1992).
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While there are uncertainties for the parameters that describe the ignition and

flame propagation, a careful treatment of the physics that tune the transition of

an accreting white dwarf yields a unique baryonic mass Mbaryon ≈ 1.39 M⊙ for the

remnant which gives a gravitational mass of Mgrav ∼ 1.27 M⊙ for NSs produced

via AIC (Timmes et al., 1996). There is indirect evidence that the occurrence

rate of AICs can be significant (Bailyn & Grindlay, 1990).

The physics of these production channels are still not understood well enough

to make quantitative predictions of the NS mass distribution produced via these

processes. But we can estimate the mass required to spin NSs up to millisecond

periods by using timescale and angular momentum arguments.

For low mass X-ray binaries (LMXBs) accreting at typical rates of ṁ ∼

10−3ṀEdd, the amount of mass accreted onto a NS in 1010yr is ∆m ≈ 0.10 M⊙. We

can also estimate the amount of angular momentum required to spin the accret-

ing progenitor up to velocities that equal the Keplerian velocity at the co-rotation

radius. In order to transfer sufficient angular momentum (L = I × ω) and spin

up a normal pulsar (R ≈12 km, I ≈ 1.4 × 1045 g cm2) to millisecond periods, an

additional mass of ∆m ≈ 0.20 M⊙ is required. Hence,

∆macc ≈ 0.10–0.20 M⊙ (4.4)

will be sufficient to recycle NS primaries into millisecond pulsars.
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4.2.3 Maximum Mass

The mass and the composition of NSs are intricately related. One of the

most important empirical clues that would lead to constraints on a wide range of

physical processes is the maximum mass of NSs. For instance, secure constraints

on the maximum mass provide insight into the range of viable EOSs for matter

at supranuclear densities.

A first order theoretical upper limit can be obtained by numerically integrating

the Oppenheimer-Volkoff equations for a low-density EOS at the lowest energy

state of the nuclei (Baym et al., 1971). This yields an extreme upper bound to

the maximum mass of a NS at Mmax ∼ 3.2 M⊙ (Rhoades & Ruffini, 1974). Any

compact star to stably support masses beyond this limit requires stronger short-

range repulsive nuclear forces that stiffens the EOSs beyond the causal limit. For

cases in which causality is not a requisite (v → ∞) an upper limit still exist in

general relativity ≈ 5.2 M⊙ that considers uniform density spheres (Shapiro &

Teukolsky, 1983). However, for these cases the extremely stiff EOSs that require

the sound speed to be super-luminal (dP/dρ ≥ c2) are considered non-physical.

Differentially rotating NSs that can support significantly more mass than uni-

form rotators can be temporarily produced by binary mergers (Baumgarte et al.,

2000). While differential rotation provides excess radial stability against collapse,

even for modest magnetic fields, magnetic braking and viscous forces will in-

evitably bring differentially rotating objects into uniform rotation (Shapiro, 2000).

Therefore, radio pulsars can be treated as uniform rotators when calculating the
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maximum NS mass.

While general relativity along with the causal limit put a strict upper limit

on the maximum NS mass at ∼ 3.2 M⊙, the lower bound is mostly determined

by the still unknown EOS of matter at these densities and therefore is not well

constrained. There are modern EOSs with detailed inclusions of nuclear processes

such as kaon condensation and nucleon-nucleon scattering which affect the stiff-

ness. These EOSs give a range of 1.5–2.2 M⊙ as the lower bound for the maximum

NS mass (Thorsson et al., 1994; Kalogera & Baym, 1996). Although these lower

bounds for a maximum NS mass are implied for a variation of more realistic EOSs,

it is still unclear whether any of these values are favored. Therefore,

Mmax ∼ 1.5–3.2 M⊙ (4.5)

can be considered a secure range for the maximum NS mass value.

4.3 Observations

The timing measurements of radio pulsations from NSs offer a precise means

to constrain orbital parameters (Manchester & Taylor, 1977). For systems where

only five Keplerian orbital parameters (orbital period: Pb, projected semi-major

axis: x, eccentricity: e, longitude and the time of periastron passage: ω0, T0) are

measured, individual masses of the primary (m1) and secondary (m2) stars, and

the orbital inclination i cannot be separately constrained. They remain instead
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related by the measured mass function f which is given by

f =
(m2 sin i)3

M2
=

(
2π

Pb

)2

x3T−1
⊙ (4.6)

where M = m1 +m2 and masses are in solar units, the constant T⊙ ≡ G M⊙/c3 =

4.925490947µs, and x is measured in light seconds.

For some binary systems, the timing residuals cannot be modeled with only

Keplerian parameters when the effects of general relativity are measurable. In

these cases, the gravitational influence can be parametrized as five potentially

measurable post-Keplerian (PK) parameters which have similar interpretations

(Taylor, 1992); (1) ω̇: advance of periastron (2) Ṗb: orbital period decay (3) γ:

time dilation-gravitational redshift (4) r: range of Shapiro delay (5) s: shape of

Shapiro delay, where these are described by

ω̇ = 3

(
Pb

2π

)−5/3

(T⊙M)2/3 (1 − e2
)−1

, (4.7)

Ṗb = −
192π

5

(
Pb

2π

)−5/3(
1 +

73

24
e2 +

37

96
e4

)
×

(1 − e2)−7/2 T
5/3
⊙ m1m2 M−1/3, (4.8)

γ = e

(
Pb

2π

)1/3

T
2/3
⊙ M−4/3m2 (m1 + 2m2) , (4.9)

r = T⊙m2, (4.10)

s = x

(
Pb

2π

)−2/3

T
−1/3
⊙ M2/3 m−1

2 . (4.11)
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Table 4.1. Neutron star mass measurements in double neutron star systems

Pulsar Mass [M⊙] 68% central limits Refs.a

Double neutron star binaries

J0737−3039 [1]

pulsar A 1.3381 ±0.0007

pulsar B 1.2489 ±0.0007

total 2.58708 ±0.00016

J1518+4904 [2]

pulsar 1.56 +0.13/ − 0.44

companion 1.05 +0.45/ − 0.11

total 2.61 ±0.070

B1534+12 [3]

pulsar 1.3332 ±0.0010

companion 1.3452 ±0.0010

total 2.678428 ±0.000018

J1756−2251 [4]

pulsar 1.40 +0.02/ − 0.03

companion 1.18 +0.03/ − 0.02

total 2.574 ±0.003

J1811−1736 [5, 6]

pulsar 1.56 +0.24/ − 0.45

companion 1.12 +0.47/ − 0.13

total 2.57 ±0.10

J1829+2456 [7]

pulsar 1.20 +0.12/ − 0.46

companion 1.40 +0.46/ − 0.12

total 2.59 ±0.02

J1906+0746 [8, 9]

pulsar 1.248 ±0.018

companion 1.365 ±0.018

total 2.61 ±0.02

B1913+16 [10, 11]

pulsar 1.4398 ±0.0002

companion 1.3886 ±0.0002

total 2.828378 ±0.000007

B2127+11C [12]

pulsar 1.358 ±0.010

companion 1.354 ±0.010

total 2.71279 ±0.00013

aReferences: 1: Kramer et al. (2006), 2: Thorsett &

Chakrabarty (1999), 3: Stairs et al. (2002), 4: Faulkner et al.

(2005), 5: Stairs (2006), 6: Corongiu et al. (2007), 7: Cham-

pion et al. (2005), 8: Kasian (2008), 9: Lorimer et al. (2006),

10: Weisberg et al. (2010), 11: Taylor (1992), 12: Jacoby et al.

(2006)
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Table 4.2. Neutron star mass measurements in neutron star-white dwarf

systems

Pulsar Mass [M⊙] 68% central limits Refs.a

Neutron star - white dwarf binaries

J0437−4715 1.76 ±0.20 [1]

J0621+1002 1.70 +0.10/ − 0.17 [2]

J0751+1807 1.26 ±0.14 [2]

J1012+5307 1.64 ±0.22 [3]

J1141−6545 1.27 ±0.01 [4]

J1614−2230 1.97 ±0.04 [5]

J1713+0747 1.53 +0.08/ − 0.06 [6]

J1802−2124 1.24 ±0.11 [7]

B1855+09 1.57 +0.12/ − 0.11 [8]

J1909−3744 1.438 ±0.024 [9]

B2303+46 1.38 +0.06/ − 0.10 [10]

Neutron stars in globular clusters

J0024−7204H 1.48 +0.03/ − 0.06 [*]

J0514−4002A 1.49 +0.04/ − 0.27 [*]

B1516+02B 2.10 ±0.19 [*]

J1748−2446I 1.91 +0.02/ − 0.10 [*]

J1748−2446J 1.79 +0.02/ − 0.10 [*]

B1802−07 1.26 +0.08/ − 0.17 [10]

B1911−5958A 1.40 +0.16/ − 0.10 [11]

aReferences: *: This work; Freire (personal communication),

1: Verbiest et al. (2008), 2: Nice et al. (2008), 3: Callanan

et al. (1998), 4: Bhat et al. (2008), 5: Demorest et al. (2010) 6:

Splaver et al. (2005), 7: Ferdman et al. (2010), 8: Nice et al.

(2003), 9: Jacoby et al. (2005), 10: Thorsett & Chakrabarty

(1999), 11: Bassa et al. (2006)
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A comprehensive review of the observational techniques and measurements can

be found in Lorimer & Kramer (2004) and Stairs (2006).

In systems where at least two PK parameters can be measured, m1 and m2

may be individually determined. In rare cases, more than two PK parameters are

measurable. These over-constrained systems present a unique means to test for

consistent strong-field gravitational theories (Taylor & Weisberg, 1989).

In Table 4.1 and Table 4.2 we compile a comprehensive list of well-measured

masses. We include the mass estimates along with the 68% confidence limits which

are plotted on Figure 4.1.

We aim to prevent possible contamination of the sample with sub-populations

which may have gone through different and not well understood evolutionary paths

(e.g., isolated NSs). Even for the better constrained formation processes that lead

to the production of DNS and NS-WD systems, theoretical models estimating the

final NS masses are tentative.

4.4 Evolution of Pulsars In Binaries

While the production channels proposed for DNS and NS-WD systems are

very diverse, the precise orbital parameters derived from radio observations allow

us to probe the viability of these models, and hence extract constraints on their

mass evolution. We therefore limit our analysis to DNS and NS-WD systems for

which testable evolutionary models and reliable mass measurements exist.
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Figure 4.1 Measured masses of radio pulsars. All error bars indicate the central

68% confidence limits. Vertical solid lines are the peak values of the underlying

mass distribution for DNS (m = 1.35 M⊙) and NS-WD (m = 1.50 M⊙) systems.

The dashed and dotted vertical lines show the central 68% and 95% predictive

probability intervals of the underlying mass distribution shown in Figure 4.2. “⋆”

points to pulsars found in globular clusters.
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4.4.1 Double Neutron Star Systems

Several scenarios have been suggested for the formation of DNS systems. Each

NS in DNS systems is believed to originate from massive main sequence stars

with masses that exceed 8 M⊙. While the formation sequence and processes are

not well understood, the first formed NS produced by the more massive primary

may initially accumulate additional mass through wind accretion when the less

massive secondary continues to undergo nuclear evolution during the early phases

of the red giant branch. In the standard scenario, the system enters a high-

mass X-ray binary (HMXB) phase in which unstable mass transfer leads to a

common envelope evolution. The first formed NS is then expected to accumulate

additional mass during this phase and form pulsars such as B1913+16. A double-

core model has also been suggested in which a He and a CO star evolves through a

common envelope phase following the initial Roche-lobe overflow (Podsiadlowski

et al., 2005). After the common envelope and a second phase of mass transfer,

DNS systems such as J0737−3039 can be produced following two consecutive

SN explosions. Alternative evolutionary scenarios in which the progenitor of the

secondary (less massive) pulsar is a main sequence star with a mass less than 2 M⊙

have also been proposed as a viable production channel (Stairs et al., 2006).

4.4.2 Neutron Star-White Dwarf Systems

The evolutionary paths that may lead to the formation of NS-WD systems

include possible episodes of accretion through wind, disk or a common envelope.
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Secular disk accretion is generally accepted as the dominant process of mass trans-

fer for long-period NS-WD systems with low-mass white dwarf companions (e.g.,

PSR J1713+0747). On the other hand, NSs with more massive white dwarf secon-

daries in close orbit systems are expected to go either primarily through a common

envelope phase (e.g., PSR J1157+5112) or Roche-lobe overflow followed by mass

transfer through common envelope (e.g., PSR J1141−6545) (Stairs, 2004). It’s

been also suggested that it may be possible to produce NS-WD binary systems

with orbital parameters that resemble PSR J2145−0750 if the donor stars fill their

Roche-lobe on the asymptotic giant branch (van den Heuvel, 1994).

4.5 Estimating The Underlying Mass Distribu-

tion

Recent advances in statistical methods have reached a level which allows us

to extract information from sparse data with unprecedented detail. Generally,

there is an inverse correlation between the level of sophistication of the model and

the confidence of the prediction. By dynamically measuring the performance (see

§4.6) one can choose an optimal level of detail to be implemented into the model.

It can be clearly argued why modeling the underlying NS mass distribution

as a single homogenous population is over-simplistic. There is no compelling line

of reasoning that would require a single coherent (unimodal) mass distribution

for NSs that we know have dissimilar evolutionary histories and possibly different
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production channels (e.g., see Podsiadlowski et al., 2004). In fact, there is an

increasing number of measurements that show clear signatures for masses that

deviate from the canonical value of 1.4 M⊙. For instance, recent findings of van

Kerkwijk et al. (2010) imply that the mass for PSR B1957+20 may be as high as

2.4±0.12 M⊙. Many of NSs in globular clusters also show systematically higher

masses (see Freire et al., 2008b). Therefore, it is necessary to infer the implied

mass distributions separately for different sub-populations (DNS vs. NS-WD).

As we show in §4.6, an extensively tested and calibrated numerical method can

then be used to test whether the implied masses belong to the same distribution.

We argue that with the number of secure mass measurements available (Table 4.1

and Table 4.2), clear signatures should be manifest in the inferred underlying

mass distributions if appropriate statistical techniques are utilized. Since we still

operate in the sparse data regime, it is useful, if not necessary, to use Bayesian

inference methods.

For the range of calculations we use mass measurements obtained directly

from pulsar timing. The methods used for estimating NS masses other than ra-

dio timing, have intrinsically different systematics, and therefore require a more

careful treatment when assessing the implied NS mass distribution. The inclusion

of mass estimates of NSs in X-ray binaries along with these more secure measure-

ments would potentially perturb the homogeneity of the sample and the coherence

of the inference.

For an all inclusive assessment of NS masses, more sophisticated hierarchical

inference methods may be required. For sparse data, a proper statistical treatment
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of different systematic effects and a priori assumptions is not trivial. Also, the

expected loss in precision may outweigh the gain obtained from a more detailed

approach. Without properly tested and calibrated tools, further inclusion of NSs

whose masses are not measured by pulsar timing may just contaminate the sample

and can therefore be misleading (e.g., see Steiner et al., 2010).

4.5.1 Statistical Model

Here, we present the statistical model used for estimating the NS mass distri-

bution. The approach is based on a formulation that incorporates measurement

errors of NS mass estimates. Specifically, we perform our calculations for mass

distributions characterized by

mi = Mi + wi, i = 1, ..., n (4.12)

where m is the pulsar mass estimate and M is the NS mass with an associated

w error. We assume a normal NS mass distribution, N(M; µ, σ2), with mean

µ and variance σ2. The errors (wi), associated with the pulsar mass estimates

(mi) are assumed to arise from normal distributions N(0, S2
i ). The observation

specific error variances (S2
i ) are obtained from the error bands of pulsar observa-

tions (i.e., Table 4.1 and Table 4.2). Assuming independence between the normal

distributions for M and w, the probability model described above yields a

N(m; µ, σ2 + S2) (4.13)

distribution for the NS mass estimates.
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Therefore, the likelihood function for the NS mass distribution parameters

(µ, σ2) is given by

L(µ, σ2; data) =
n∏

i=1

[
2π(σ2 + S2

i )
]−1/2

e
−

(mi−µ)2

2(σ2+S2
i
) (4.14)

(for derivation see §5.1.1). Here, the data vector comprises the observed mass

estimates mi, and error variances S2
i , which are computed using the estimated

error bars for each mi, i = 1, ..., n. Numerical maximization of the likelihood

function yields maximum likelihood estimates for the Gaussian mean µ and half-

width σ implied by pulsar observations.

However, the general non-standard fashion of how σ2 enters the expression for

the likelihood function, the uncertainty quantification for the point estimates of

µ and σ, and the subsequent effect on NS mass density estimates would require

asymptotic results for likelihood-based confidence intervals. Given that the like-

lihood approach relies on large sample sizes for uncertainty estimates, this can

be especially problematic where the number of mass estimates from DNS and

NS-WD systems are small.

We thus employ a Bayesian approach to modeling and inference of the NS

mass distribution. Under the Bayesian model formulation, the likelihood function

L(µ, σ2; data) is combined with (independent) prior distributions π(µ) and π(σ2)

for µ and σ2 to obtain the posterior distribution for the model parameters, given

the data,

p(µ, σ2 | data) = C−1π(µ)π(σ2)L(µ, σ2; data). (4.15)

We work with a normal prior for µ with mean a and variance b2, and an inverse-
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gamma prior for σ2 with mean d/(c − 1) for c > 1 (see §5.1.1 for details). The

normalizing constant of the posterior distribution involves the marginal likelihood

for the data, that is,

C =

∫
π(µ)π(σ2)L(µ, σ2; data) dµdσ2. (4.16)

The posterior density is not available in closed form, since the integral for the

normalizing constant cannot be analytically evaluated. We therefore resort to a

Markov chain Monte Carlo (MCMC) approach to sampling from the posterior

distribution (see Gelman et al., 2003). MCMC posterior inference is based on

simulation from a Markov chain whose stationary distribution is given by the

posterior distribution for the model parameters. As detailed in §5.1.1, the MCMC

algorithm samples dynamically from the posterior full conditional distributions for

µ and σ2. The former is a normal distribution and hence readily sampled; the

latter is not of a standard form and thus a Metropolis-Hastings (M-H) step is

used to sample from the conditional posterior distribution of σ2. The resulting

posterior samples for (µ, σ2) can be used for full and exact inference for the model

parameters µ and σ2. More importantly, the posteriors for (µ, σ2) are used to

infer the NS mass distribution.

In a Bayesian approach, the posterior predictive density, denoted by P(M0 |

data), provides the estimate for the density of the NS mass distribution. Formally,

P(M0 | data) is the distribution for a “new” unobserved pulsar with unknown

mass M0, which we seek to estimate (predict) given the observed data. Following
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Figure 4.2 Posterior predictive density estimates for the neutron star mass distri-

bution. DNS and NS-WD systems have respective peaks at 1.35 M⊙ and 1.50 M⊙.

Probability densities are normalized to show the 95% posterior probability range.

The solid parts of the curves show the central 68% probability range which cor-

respond to 1.35± 0.13 M⊙ and 1.50± 0.25 M⊙ for the DNS and NS-WD system,

respectively.

the derivation in §5.2, the posterior predictive density can be derived as

P(M0 | data) =

∫ ∫
N(M0; µ, σ2) p(µ, σ2 | data) dµ dσ2 (4.17)

and can thus be readily estimated using the MCMC samples from the posterior

distribution p(µ, σ2 | data). Figure 4.2 shows the inferred posterior predictive NS

mass densities for the DNS and NS-WD systems. The 68% and 95% predictive

probability intervals inferred from Figure 4.2 are projected onto Figure 4.1 as
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vertical lines.

4.5.2 Comparison with Likelihood Estimation

We have taken a comparative approach to probe the underlying mass distri-

bution of NSs. In particular, in order to assess the sensitivity of the results to the

technique that is used for inference, we studied the shape of the posterior density

p(µ, σ2 | data) under different priors, π(µ) and π(σ2), relative to the likelihood

function for (µ, σ2).

The likelihood surface contours for the Gaussian mean µ and half-width σ

are shown in Figure 4.3(a) for DNS and NS-WD systems. Figure 4.3(b) plots

the corresponding contours of the posterior density under priors (2) and (3) in

Figure 4.4 for DNS and NS-WD systems, respectively.

It is a good indication for the model and method acceptability if the compared

parameter estimates are not drastically different. Indeed, with regard to the

implied estimates for µ and σ, the difference between the maximum likelihood

and the Bayesian approach appears practically insignificant. Section 4.6 includes

a more detailed study of the effect of the prior choice on posterior inference results

under the proposed Bayesian model.
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Figure 4.3 Likelihood surfaces (a) and posterior densities (b) of model parameters

µ and σ for the NS mass distribution. In each panel, the tight contours on the left

and wider contours on the right correspond to the data from DNS and NS-WD

systems, respectively.

4.6 Prior Choice And Algorithm Performance

4.6.1 Approach to Prior Choice

In a Bayesian framework, weakly informative priors are desirable for sparse

data. Non-informative priors can have strong and undesirable implications that

lead to artificially biased inferences. Weakly informative priors, however, will let
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the data tune the posterior more optimally while being strong enough to exclude

various “unphysical” possibilities (Gelman et al., 2003; Robert, 2007).

In order to prevent introducing either a strongly informative bias or loss of

information, we test a vast range of priors on simulated samples. The most natural

way to study the effect of the prior choice is through the prior predictive density,

denoted by P(M0), which yields the prior estimate of the density for the NS mass

distribution, that is, before data is used. Analogously to the expression for the

posterior predictive density (see Equation 4.17), the prior predictive density is

defined by

P(M0) =

∫ ∫
N(M0; µ, σ2) π(µ)π(σ2) dµ dσ2. (4.18)

Hence, P(M0) can be estimated by Monte Carlo integration of the N(M0; µ, σ2)

density, using samples from the prior distributions. A series of results are produced

for priors (for µ and σ2) that we incrementally tune to obtain prior predictive

densities with dispersions that range from fairly non-informative (practically flat)

to very concentrated shapes. A sample range is shown in Figure 4.4 for four

combinations of hyper-parameters (a, b) and (c, d) that define the prior for µ and

σ2, respectively. We then use these priors to test the effects of the choice on the

posterior distribution.

The shape of a “weakly informative” prior will dynamically change with the

data sample that is used for inference. For instance, for very tightly bound data

sets such as DNS systems, a sharply peaked prior can qualify as weakly informa-

tive, while the same prior will certainly be more informative for a more dispersed
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Figure 4.4 Plot of the prior predictive NS mass densities under four different

prior choices tested for performance. Each prior is defined by hyper-parameters

(a,b,c,d) (see Equation 5.2 and Equation 5.3).

data set such as NS-WD systems. Our goal is to quantitatively find an optimum

choice rather than qualitatively assign priors.

Once we find optimum priors for DNS and NS-WD systems (see also §4.6.2),

we use Monte-Carlo simulations to numerically estimate the accuracy level we can

reach with our approach.
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4.6.2 Accuracy and Error Estimation

In order to test the performance of the algorithm that we use to infer the un-

derlying NS mass distribution, we run a series (i.e. 105) of simulations. For each

step, we construct distributions that have random peaks between µ ≡[0,3] M⊙

with associated random variances between σ ≡[0,0.3]. From these distributions,

we randomly select the same number of samples as our “observed” sample. Next,

we artificially corrupt these simulated samples by introducing random errors con-

sistent with uncertainties in observations from the real data. We then use these

smeared samples to test whether we can recover the “input/known” distribution.

To quantify performance we calculate the variance of two quantities. For each

realization we compare the peaks and the maximum cutoff values of the input

distribution and that of the predicted posterior we obtain with our algorithm.

Figure 4.5 and Figure 4.6 show the fractional deviation from the input peak

as a function of the intrinsic variance. The performance of the inference algo-

rithm is quantified for NS-WD and DNS systems separately in Figure 4.5 and

Figure 4.6, respectively. The four panels illustrate the performance for the priors

shown in Figure 4.4. The numbers 1–4 on the upper right corner of each panel of

Figure 4.5 and Figure 4.6 refer to priors which incrementally widen into almost a

flat uninformative prior (see Figure 4.4 for the corresponding hyper-parameters).

The performance is measured by the absolute value of ∆ which is the fractional

difference between the “input” and “inferred” value. The behavior of the variance

χ2 is also used in conjunction as a measure of performance consistency.
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We repeat the same procedure in Figure 4.7 and Figure 4.8 to quantify per-

formance for recovering the maximum cutoff value.

Clearly shown by varying performances in Figure 4.5, Figure 4.6, Figure 4.7,

and Figure 4.8, the priors that can be used to reliably infer the underlying dis-

tribution for DNS and NS-WD systems have to bear different characteristics. To

infer the “peak” and the “maximum cutoff value” for DNS and NS-WD systems,

priors (2) and (3) in Figure 4.4 perform best, respectively, by producing the most

accurate inferences.

For simulated tight distributions similar to DNS systems, the mean accuracy

of the inferred peak value is better than 99%. For wider distributions resembling

NS-WD systems, the predicted peak has > 98% accuracy. Both for DNS and

NS-WD systems, we find that the underlying real maximum cutoff value cannot

be larger than 10% of the inferred value.

We also run a series of simulations in order to examine whether the algorithm

can detect distributions that have been artificially skewed at varying levels and

directions. Even at modest levels of input skewness, we find that the inferred

shape (whether it exhibits skewness or not) is consistent with the underlying

distribution with more than 99% confidence (see §5.1 and §6.3.2 for discussion).

4.6.3 MCMC Algorithm Performance

The technical core of Bayesian inference for models with analytically intractable

posterior distributions is to use MCMC based algorithms. It is important to con-
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duct detailed performance tests for the MCMC method used for inference in order

to assess probabilistic biases and sources of sensitivity. Especially for sparse data,

the probability distribution function (pdf), and hence the inferred confidence con-

tours can be very sensitive to sampling steps. For instance, if the sampling accep-

tance rates for the M-H steps are not closely monitored and the inference process

is not tuned for optimum sampling, over- or under-sampling, especially from the

tails of the posterior distribution, will bias the inference. For sparse data, the

introduced bias can potentially be very significant.

It has been shown that for univariate target distributions the optimum ac-

ceptance rates for M-H based MCMC algorithms lie between 45–55%, which may

go down to as much as 23% for multivariate target distributions (Roberts et al.,

1997). For univariate distributions, acceptance rates higher than 60% are indica-

tive of over-sampling. Therefore, artificially high acceptance rates will result in

underestimating the width of the distribution. On the other hand, acceptance

rates below 30% will over estimate the spread of the confidence contours by under

sampling the parameter space (Roberts & Rosenthal, 2001). We tune the M-H

sampling steps to keep the acceptance rate in the optimum 45–55% range.

Further quantitative insight into whether the MCMC sampler operates opti-

mally can be gained by calculating the autocorrelation function for consecutively

sampled model parameters. Each successive step will have a certain level of corre-

lation, since they are simulated from a Markov chain. The extent of autocorrela-

tion is an indication for the efficiency and, in general, performance of a particular

MCMC algorithm.
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We calculate the autocorrelation function for both steps of the MCMC algo-

rithm that sample the Gaussian mean µ and half-width σ parameter. Figure 4.9

shows that the steps in the MCMC sampling scheme for both µ and σ have very

small autocorrelation, which suggests that the MCMC algorithm efficiently ex-

plores the posterior distribution for the model parameters.

4.7 Summary

We overview the physical processes that tune masses of NSs in §4.2. In order

to theoretically estimate the viable range for NS masses, we derive the birth mass

(§4.2.1, Mbirth = 1.08–1.57 M⊙) and the amount of mass expected to be transferred

onto recycled NSs during the binary phase (§4.2.2, ∆macc ≈ 0.1–0.2 M⊙). We then

discuss why the constraints on the maximum NS mass (Mmax = 1.5–3.2 M⊙) are

less stringent and comment on the sources of uncertainties in §4.2.3.

In order to maintain a uniform approach in our analysis, we refrained from

including additional constraints that may arise from assumptions such as the

possible relationship between the binary period and the mass of the remnant

white dwarf (i.e., Pb − m2 relationship) suggested by Rappaport et al. (1995).

While more elaborate and hierarchical implementation methods may be utilized

in deducing ramifications of other assumptions, a use of more inclusive approaches

may only convolute the mass inference, which is contrary to the goal of this work.

Throughout our analysis, we only assume that Einstein’s prescription for general

relativity is correct and include mass measurements which are considered secure
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(§4.3).

In §4.4 we point to the diversity of proposed evolutionary scenarios for DNS

and NS-WD systems. Despite the limitations of constraints on their evolution,

unlike isolated NSs, for pulsars in binary systems the precise measurements of the

orbital parameters offer additional leverage to constrain the production channels.

We then subject the pulsar mass measurements to a detailed statistical anal-

ysis. In §4.5 we show that a Bayesian method offers an effective means for infer-

ence. To alleviate the subjective nature, we use Markovian decision making algo-

rithms in choosing the priors that produce the most accurate prediction for each

sub-population. After we calculate the underlying NS mass distribution through

posterior predictive densities, in §4.6 we use a large sample of simulated and ar-

tificially corrupted data to test the performance of this approach and quantify

uncertainty. The width of the underlying distribution of NSs shown in Figure 4.2

is then projected onto Figure 4.1 for visual reference. The details of the Bayesian

statistical model, it’s analytical derivation, and the MCMC implementation are

included in Chapter 5.
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Figure 4.5 Performance of the inference algorithm for NS-WD systems. ∆peak

is the fractional percentage deviation of the inferred value from the real peak.

The optimum choice of prior is determined by minimizing χ2 and the fractional

mean deviation from the input value. Prior (3) from Figure 4.4 performs best for

NS-WD systems.
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Figure 4.6 Performance of the inference algorithm for DNS systems. ∆peak is

the fractional percentage deviation of the inferred value from the real peak. The

optimum choice of prior is determined by minimizing χ2 and the fractional mean

deviation from the input value. Priors (2) from Figure 4.4 performs best for DNS

systems.
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Figure 4.7 Performance of the inference algorithm for NS-WD systems. ∆max is

the fractional percentage deviation of the inferred value from the real maximum

cut-off. The optimum choice of prior is determined by minimizing χ2 and the

fractional mean deviation from the input value. Prior (3) from Figure 4.4 performs

best for NS-WD systems.
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Figure 4.8 Performance of the inference algorithm for DNS systems. ∆max is the

fractional percentage deviation of the inferred value from the real maximum cut-

off. The optimum choice of prior is determined by minimizing χ2 and the fractional

mean deviation from the input value. Prior (2) from Figure 4.4 performs best for

DNS systems.
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Chapter 5

STATISTICS

The present Chapter aims to detail the statistical framework used in the previ-

ous Chapter by which we probe the underlying mass distributions implied by radio

pulsar observations. We take a comparative approach and analyze the results that

we obtain through both conventional (maximum likelihood estimation) and mod-

ern (Bayesian) statistical methods. Unlike conventional statistical methods, with

a Bayesian approach it is possible to separately infer peaks, shapes and cutoff

values of the distribution with appropriate uncertainty quantification. This gives

us unique leverage to probe these parameters which separately trace independent

astrophysical and evolutionary processes.
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5.1 Statistical Approach to Infer Underlying Dis-

tributions

While the statistical model we use and the inference method we develop

(§4.5.1) are specifically tailored for pulsar observations, it is detailed and modular

enough that makes it a useful generic tool. There are several levels of challenges

when adapting Bayesian methods: (1) There is a wide misconception on how priors

should be chosen for Bayesian inferences and the level of subjectivity they inject

into the prediction. (2) Once an appropriate prior is chosen, the Monte-Carlo

method used for parameter estimation has to follow Markovian steps rather than

just random sampling. (3) Then, in order to prevent over- or under-sampling, the

process has to be tuned for optimal sampling. This can be achieved by closely

monitoring the acceptance rates of the MCMC steps. (4) Another important

step for building a robust approach is to subject the algorithm to rigorous tests

where simulated data with realistic errors and biases are used. (5) It is imper-

ative to quantify the predictive power of the algorithm. Most convincingly, as

demonstrated in Figure 4.5, Figure 4.6, Figure 4.7, and Figure 4.8, this can be

accomplished by monitoring how much the inferred values deviate from simulated

and corrupted input. In our case, we produce 105 distributions with random peaks

between µ ≡[0,3.0] M⊙ and variances between σ ≡[0,0.3] which are then used for

the testing process. This procedure yields independent confidence estimates for

the peak and maximum cutoff values.

The power of Bayesian inference is not in parameter estimation alone, but more
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in producing realistic predictions (see Figure 4.2). As demonstrated in §4.6, the

reliability of Bayesian predictions can be quantified. We show that the method

we use to infer the underlying NS mass distribution performs remarkably well.

Even for limited samples, we achieve ∼99% accuracy in predicting the peak and

maximum cutoff values. In order to be conservative in our estimates, we run our

testing procedure with 17 randomly chosen samples where, in fact, we have 18

well measured masses both for DNS and NS-WD systems.

Another parameter that we are interested in is the potential skewness of the

underlying NS mass distribution. A universal EOS that consistently describes

the micro-physics of NS matter will induce a truncation limit on the underlying

distribution. Consequently, such a truncation limit, if it exists, will define the

transition region at the high mass end where NSs are expected to collapse into

stellar mass black holes — this limit will delineate where stellar mass black holes

form.

5.1.1 Model Formulation

Based on the statistical model formulation for the NS mass distribution devel-

oped in Section 4.5.1, the likelihood for the data {(mi, Si) : i = 1, ..., n} is given

by

L(µ, σ2; data) =

n∏

i=1

[
2π(σ2 + S2

i )
]−1/2

e
−

(mi−µ)2

2(σ2+S2
i
)

∝

{
n∏

i=1

(σ2 + S2
i )

−1/2

}
exp

{
−

1

2

n∑

i=1

(mi − µ)2

(σ2 + S2
i )

}
(4.14) (5.1)
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The Bayesian model is completed with independent normal N(a, b2) and inverse-

gamma IG(c, d) priors for µ and σ2, respectively. Specifically,

π(µ) = (2πb2)−1/2 exp

[
−

(µ − a)2

2b2

]
(5.2)

and

π(σ2) =
dc exp(− d

σ2 )

Γ(c)σ2 (c+1)
(5.3)

for fixed hyper-parameters (a, b, c, d). Note that the prior mean for σ2 is given by

d/(c − 1) (provided c > 1).

Combining the likelihood with the priors for µ and σ2, the posterior distribu-

tion for the model parameters can be written proportional to

p(µ, σ2 | data) ∝ π(µ)π(σ2)L(µ, σ2; data)

∝ exp

[
−

(µ − a)2

2b2

]
exp(− d

σ2 )

σ2 (c+1)
×

{
n∏

i=1

(σ2 + S2
i )

−1/2

}
exp

{
−

1

2

n∑

i=1

(mi − µ)2

(σ2 + S2
i )

}
.

As discussed in Section 4.5.1, although the normalizing constant for the poste-

rior density is not available in closed form, we can utilize MCMC sampling from

p(µ, σ2 | data), which results in full inference of the model parameters, as well as

the posterior prediction of the NS mass distribution.

5.1.2 MCMC Posterior Simulation Method

The MCMC algorithm updates dynamically the two parameters, µ and σ2, by

sampling from their posterior full conditional distributions. After convergence, the

resulting samples are realizations from the posterior distribution p(µ, σ2 | data).
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The posterior full conditional distribution for µ is proportional to

p(µ | σ2, data) ∝ exp

[
−

(µ − a)2

2b2

]
exp

{
−

1

2

n∑

i=1

(mi − µ)2

(σ2 + S2
i )

}

an expression which can be completed to a normal distribution with mean

ã =
a + b2

∑n
i=1 mi(σ

2 + S2
i )

−1

1 + b2
∑n

i=1(σ
2 + S2

i )
−1

and variance

b̃2 =
b2

1 + b2
∑n

i=1(σ
2 + S2

i )
−1

.

However, the posterior full conditional for σ2,

p(σ2 | µ, data) ∝ p∗(σ2)

=
exp(− d

σ2 )

σ2 (c+1)

{
n∏

i=1

(σ2 + S2
i )

−1/2

}
exp

{
−

1

2

n∑

i=1

(mi − µ)2

(σ2 + S2
i )

}
, (5.4)

can not be recognized as a standard distributional form, and we thus use a

Metropolis-Hasting (M-H) step to update σ2 given µ. For the M-H proposal

distribution, we use the full conditional for σ2 from the special case of the model

that does not include errors in measurement for the pulsar mass estimates (i.e.

S2
i ≡ 0, for all i). Under this simplified version of the model, σ2 has an inverse-

gamma IG(c̃, d̃) posterior full conditional distribution, where c̃ = 0.5n + c and

d̃ = d + 0.5
∑n

i=1(mi − µ)2.

Denoting by σ2(t) the current state of the Markov chain for σ2, the M-H step

proceeds as follows: We draw a proposed value σ̃2 from the IG(c̃, d̃) distribution,

and then compute the acceptance probability

q = min

{
1,

p∗(σ̃2)

p∗(σ2(t))
×

g(σ2(t))

g(σ̃2)

}
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where

g(u) = d̃c̃ exp(−d̃/u)

Γ(c̃)uc̃+1

denotes the density of the IG(c̃, d̃) distribution, and as indicated above, p∗(σ2)

is the density of the un-normalized posterior full conditional distribution for σ2.

Then, we obtain the new state of the chain for σ2 through

σ2(t+1) =





σ̃2 with probability q

σ2(t) with probability 1-q

that is, a stochastic rejection step to determine whether the proposed value σ̃2 is

accepted.

Therefore, the MCMC method to sample from the posterior distribution p(µ, σ2 |

data) involves overall the following iterative procedure:

• Start with initial values (µ(0), σ2(0)).

• If the current iteration is (µ(t), σ2(t)), obtain the next iteration (µ(t+1), σ2(t+1))

through the following two updates:

– Draw µ(t+1) from N(ã, b̃2), where ã and b̃2 are computed using σ2 ≡

σ2(t).

– Draw σ2(t+1) using the M-H step, where both p∗(·) and g(·) are evalu-

ated using µ ≡ µ(t+1).
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5.2 Posterior Predictive Distribution

The posterior samples from p(µ, σ2 | data) can be used to estimate the density

of the NS mass distribution. The formal Bayesian estimate is given by the pos-

terior predictive density P(M0 | data) (which is the posterior density given the

observed data), for a “new” unobserved pulsar with unknown mass M0. Hence,

M0 is a parameter that we seek to estimate under the full Bayesian model that

includes also the NS mass distribution parameters µ and σ2.

Based on the model for the observed mass estimates developed in Section

4.5.1, the augmented model that incorporates M0 involves two new terms: a

N(M0; µ, σ2) distribution for the unknown mass M0, and a N(w0; 0, S
2
0) compo-

nent for the error that would arise if we were to observe the pulsar that has a

mass estimate m0 associated with M0. Now, this model can be marginalized over

w0 to obtain the joint posterior distribution for M0 and (µ, σ2),

p(M0, µ, σ2 | data) ∝ N(M0; µ, σ2)

{
n∏

i=1

N(mi; µ, σ2 + S2
i )

}
π(µ)π(σ2)

= N(M0; µ, σ2)p(µ, σ2 | data). (5.5)

Finally, P(M0 | data) is obtained by marginalizing the joint posterior p(M0, µ, σ2 |

data) over µ and σ2:

P(M0 | data) =

∫ ∫
N(M0; µ, σ2) p(µ, σ2 | data) dµ dσ2(4.17).

Note therefore that the Bayesian estimate, P(M0 | data), for the NS mass den-

sity incorporates uncertainty for parameters (µ, σ2) by averaging over their pos-

terior distribution. This can be contrasted with the predictive density under the
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likelihood approach, where the N(M0; µ, σ2) NS mass density would simply be

estimated by replacing the parameter vector (µ, σ2) with its maximum likelihood

estimate.

The posterior predictive density P(M0 | data) can then be readily estimated

through straightforward Monte Carlo integration suggested by Equation 4.17, us-

ing the MCMC samples from the posterior distribution p(µ, σ2 | data).
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Part IV

FINALE

92



Chapter 6

DISCUSSION AND

CONCLUSIONS

6.1 Do All Millisecond Pulsars Share a Common

Heritage?

The discovery of millisecond pulsations from neutron stars in LMXBs has

substantiated the theoretical prediction that links millisecond radio pulsars and

LMXBs. Since then, the recycling process that produces millisecond radio pulsars

on a spin-up region from LMXBs, followed by spin-down due to dipole radiation

has been conceived as the “standard evolution” of millisecond pulsars. However,

the question whether all observed millisecond radio pulsars could be produced

within this framework has not been quantitatively addressed until now.

The standard evolutionary process produces millisecond pulsars with periods
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(P ) and spin-downs (Ṗ ) that are not entirely independent. The possible P-Ṗ val-

ues that millisecond radio pulsars can attain are jointly constrained by the equi-

librium period distribution (D) of the progenitor population, the mass accretion

rates (Ṁ) during the recycling process and the dominant energy loss mechanism

after the onset of radio emission.

In order to test whether the observed millisecond radio pulsars can be rec-

onciled with a single coherent progenitor population that evolves via magnetic

dipole braking after the spin-up process, we have produced the predictive joint

P-Ṗ distribution of millisecond radio pulsars for the standard model. We did not

put restrictions on any of the parameters that drive the evolution. Acceptable

D, Ṁ and R values were implicitly filtered. We have relaxed the K-S filter (see

Figure 2.2) in order to oversample outliers and see whether it is even remotely fea-

sible to produce young millisecond pulsars, like PSR B1937+21 or J0218+4232,

that have higher B fields. The color contours in Figure 2.3 represent the P-Ṗ

densities for millisecond radio pulsars that are direct descendants of observed

millisecond X-ray pulsars (i.e. initial spin periods P0 ∼ PMSXP).

The standard evolutionary model is able to successfully produce the general

demographics of older millisecond radio pulsars. It fails, however, to predict the

younger and fastest millisecond radio pulsar sub-population that have higher B

fields.

Accretion rates that millisecond radio pulsars have experienced during their

accretion phase deduced from observed P-Ṗ values, combined with the observed

millisecond X-ray pulsar period distribution (D ≡ PMSXP) produces mostly older
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millisecond radio pulsars, including millisecond radio pulsars with spin-down ages

τc > 1010 yrs. Figure 2.3 shows clearly that the apparent enigma of millisecond

pulsars with spin-down ages older than the age of the Galaxy is mainly a manifes-

tation of very low accretion rates during the late stages of the LMXB evolution.

On the other hand, no physically motivated PMSXP distribution has been

able to produce the whole millisecond radio pulsar population consistently. The

observed period distribution of millisecond X-ray pulsars is likely to be under-

sampled due to observational selection effects. It is also possible that some neutron

stars in LMXBs simply do not produce observable pulses. In order to understand

how the predicted P-Ṗ distribution is affected by different millisecond X-ray pul-

sar period distributions, we have estimated the whole extend of the P-Ṗ region

that is sensitive to the prior. The values that may be produced for different PMSXP

distributions are shown by the shaded areas in Figure 2.3. No millisecond X-ray

pulsar period distribution could mimic the observed relative ratios of young/old

pulsars with high B fields. The fraction of the observed young/old millisecond

radio pulsars with high B fields is higher than what the standard model predicts

by several orders of magnitude. This may further be exacerbated by strong selec-

tion effects that limit our ability to observe very fast millisecond pulsars (Hessels

et al., 2007). The choice of a standard K-S test instead of the relaxed 2D K-S

only increases the statistical significance. Hence, we argue that young millisecond

pulsars with higher magnetic fields (e.g. PSR B1937+21) are inconsistent with

the standard model.
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6.1.1 An Alternative Evolution?

It is tempting to suggest that the fastest spinning millisecond pulsars, in partic-

ular PSR B1937+21, may originate from a different evolutionary channel. While

it appears that ordinary magnetic-dipole spin down from a source population

similar to the observed millisecond X-ray pulsars is adequate to explain the great

majority of observed millisecond radio pulsars, the low final accretion rates that

are required cannot be reconciled with the high accretion rates needed to produce

the fastest, youngest pulsars. We believe that it is necessary to posit the existence

of a separate class of progenitors, most likely with a different distribution of mag-

netic fields, accretion rates and equilibrium spin periods, presumably among the

LMXBs that have not been revealed as millisecond X-ray pulsars. Understanding

this additional channel is clearly critical to developing a natural solution to the

long lasting “birth rate problem” (see, e.g. Kulkarni & Narayan, 1988).

It is also possible that the standard evolutionary model fails at another point.

For example, if millisecond radio pulsars in some portion of their evolution lose

energy through a dominant mechanism other than magnetic dipole radiation (e.g.

multipole radiation, gravitational wave or neutrino emission), then the evolution

of pulsars through the P-Ṗ diagram could be complex.

A combination of the above mentioned factors (i.e. alternative progenitors and

subsequent non-standard radiation) are then likely to play a role in millisecond

pulsar evolution. A millisecond X-ray pulsar period distribution that has sharp

multimodal features coupled with non-standard energy loss mechanisms may be
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able to reconcile for the joint P-Ṗ distribution of millisecond pulsars.

6.2 Millisecond Pulsars Hide Their Age Well

Older MSPs tend to appear younger if the spin-down rates (Ṗ ) are not properly

corrected for the contribution due to secular acceleration. This causes an upward

“age bias” on the P-Ṗ plane. The Shklovskii effect is more pronounced for MSPs

that are closer to the solar system barycenter and have higher transverse velocities.

We can unbias our measurements and correct for this corruption by calculating

the centrifugal term (Equations 3.2 and 3.3) once both the distance and trans-

verse velocity terms are accurately known. The proper motion measurements for

MSPs with poorly constrained distances pose a stiffer challenge than previously

predicted (Deller et al., 2009). To avoid underestimating the potential age bias,

we introduced conservative random deviations to the observed distance and trans-

verse velocity measurements by up to ±0.4D and ±0.05 vt (Brisken et al., 2002,

2003; Deller et al., 2009) to produce the sample population in Figure 3.3.

Figure 3.3(a) reflects the potential age bias we estimate for the underlying pop-

ulation. In some cases, relatively old MSPs may even appear above the spin-up

line if the observed spin-down rates are not properly unbiased. The age bias caused

by the Shklovskii effect will tend to push older MSPs upward by amounts propor-

tional to their correction term (Ṗ /Ṗ ′) and hence make them appear younger.

Throughout this work, we have excluded MSPs in GCs due to their compli-

cated spin evolution. The cluster’s compact gravitational well, and to a lesser
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extent the larger cross section for gravitational interaction in GCs relative to the

Galactic disk, effectively perturb the spin evolution of these MSPs by injecting a

cumulative corruption to their spin-down rates. Conversely, the spin-down tra-

jectories of MSPs in the Galaxy will include less corrupted information about the

initial formation. Even though the level of age bias for Galactic MSPs appears not

as dramatic as the ones that are gravitationally perturbed in GCs, it still mixes

the apparent age distribution quite efficiently (Figure 3.3(a)).

Unbiasing will push old MSPs that appear younger to their corresponding

age (τ̃ ) lines. This correction process will recover the final positions of the true

spin-down trajectories but will effectually exacerbate the downward age contam-

ination which was artificially diluted by secular acceleration. The main source

of the downward age contamination though will be the sub-Eddington progenitor

accretion rates experienced during the LMXB phase.

These MSPs are expected to be born with smaller spin-down rates and conse-

quently traverse shorter trajectories. We predict that ∼30% of MSP ages overes-

timate the true age by more than a factor of 2. Therefore, we argue that MSPs,

which were presumed as the oldest sub-population, have a flatter true age distri-

bution than previously thought.

While we can reverse the upward “age bias”, the downward “age contamina-

tion” on the other hand, reflects upon the intrinsic spin-down rates and is real

(Figures 3.4(a) and (b)). Unless we have a unique leverage to accurately deter-

mine the period at birth (P0) along with the respective progenitor accretion rate,

the inferred MSP ages will remain to be strict overestimates (Figure 3.4(b)).
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Figure 3.4 quantifies the level of bias and contamination of MSP ages before

and after correcting for the contribution due to secular acceleration. Both the

upward bias and downward contamination will simultaneously remain before the

spin-down rates are properly corrected for the Shklovskii effect. We predict that

20% of the measured P-Ṗ values for MSPs (dotted line in Figure 3.4) will overesti-

mate the age by more than a factor of two, whereas about 10% will underestimate

the age at the same level. Old and young MSPs are practically indistinguishable

before the spin-down rates are properly unbiased. Some very young MSPs may

appear even below the Hubble line whereas much older MSPs may be observed

above the spin-up line (Figure 3.3(a)). The asymmetric wings of the dotted line

that extend in both directions in Figure 3.4 quantify this bidirectional corruption.

The ages obtained from intrinsic P-Ṗ values will represent strict upper limits

to the true age (τi = τt ≤ τ̃ ′ ≤ τ ′
c). The truncated solid line in Figure 3.4 shows at

what level we overestimate the ages for the whole MSP population. After properly

unbiasing the observed spin-down rates, we expect to overestimate the age of 30%

of MSPs by more than a factor of two. Table 3.4 shows τc and τ̃ for observed

millisecond radio pulsars before and after unbiasing. Table 3.4 marginalizes the

potential bias for an assumed vt ∼100 km s−1 for millisecond radio pulsars that

have no proper motion measurements.

The intrinsic P-Ṗ values of the underlying MSP population suggest that ∼30%

of MSPs will be born with apparent ages older than the age of the Galaxy. The

true age distribution of MSPs with τc ≥ 1010 yr is relatively well mixed as opposed

to MSPs that lie on or just above the Hubble line. Hence, the sources that
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appear below the 1010yr line might not be among the oldest within the MSP

sub-population.

6.2.1 Younger Millisecond Pulsars

We predict younger ages for pulsars with τc/τ̃
′ >1 (Table 3.4). The majority of

MSPs for which we predict younger ages, are the ones that are closer to the spin-

up line. These MSPs have a significant fraction of their spin-down trajectories

truncated because the timescales pulsars spend close to the spin-up line is much

shorter than MSPs with smaller spin-down rates. Some of the younger sources

with τt ≤ τ̃ ′ < τc are PSRs J0218+4232, J0737−3039A, J1023+0038, B1534+12,

B1913+16, and B1937+21.

For MSPs with no proper motion measurements, Table 3.4 shows the potential

biases for an assumed vt=100 km s−1. In this category, PSR J1841+0130 may

have the strongest age corruption with τc/τ̃
′ ∼5.85.

There are two sources in particular that have been of considerable interest:

6.2.1.1 PSR J1012+5307

The ranges of cooling ages for possibly the best studies example is PSR

J1012+5307 with τwd ∼0.3–7 Gyr (Lindblom & Mendell, 1995; Alberts et al.,

1996; Burderi et al., 1996). We derive an age of τ̃ ′ ∼ 6.25 Gyr (Table 3.4) for PSR

J1012+5307 which is consistent with τ ′
c. This implies that the true age has to be

≤ 6.25 Gyr. One cannot exclude younger ages by either the Shklovskii corrected
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(unbiased) characteristic age (τ ′
c) or MSP age (τ̃ ′) approach as PSR J1012+5307

may have been born with a P0 very close to its currently observed period (P0 ≃P)

due to low accretion rates experienced during the LMXB phase (see Section 3.2).

6.2.1.2 PSR B1257+12

The cumulative correction to the age of PSR B1257+12 is among the most

significant of MSPs that have proper motion measurements (Ṗ /Ṗ ′ ∼16.6). We

infer an upper limit of τt ≤ τ̃ ′ = 1.42 × 1010 yr for the age. This implies that the

age of PSR B1257+12 cannot be constrained solely from its spin-down history.

In general, when interpreting ages inferred from spin-down histories for single

MSPs, one has to consider the possibility that an evolutionary process which

produces MSPs without a binary companion may affect the spin-down evolution.

For instance, an encounter by which the companion is ejected will perturb the spin-

down rate of the compact primary. In the exceptional case of PSR B1257+12, the

process that led to the formation of the planets may have affected the spin-down

evolution.

6.2.2 Braking Index

We tested whether alternative energy loss mechanisms other than pure dipole

braking (n=3) are required to reconcile for the MSP age distribution. While more

efficient processes (n> 3) may also contribute to the downward age contamination,

it would seem unnecessary to invoke higher braking indices to account for ages that
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appear older than the Galaxy. We do not rule out that gravitational wave radiation

may expedite spin-down during the very early stages after re-birth before magnetic

stability sets in (Lindblom, 1995; Lindblom & Mendell, 1995; Bildsten, 1998).

However, for MSPs following standard spin-up, the contribution of gravitational

wave radiation to age contamination may not to exceed the offset between the

blue-to-red τ̃ age lines in Figure 3.1. We explicitly show that lower preferred

accretion rates during the active accretion phase can produce the paradoxically

older appearing MSPs (Figure 3.2 and Figure 3.3).

Based on the P-Ṗ characteristics of MSPs, we find no compelling evidence

that energy loss has been dominantly driven by multipole or gravitational wave

radiation during a significant portion of the lifetime of these sources.

6.2.3 Ramifications

We have implemented constraints arising from the spin-up process and a lim-

iting maximum spin limit into the standard method to obtain a more realistic age

(τ̃) estimate for MSPs. There are a range of ramifications that follow:

6.2.3.1 Age Distribution

The unbiased characteristic ages are only upper limits to the true age. The

new age estimate gives tighter upper limits and hence is closer to the true age

(τt ≤ τ̃ ′ ≤ τ ′
c). This flattens and shifts the age distribution toward younger

ages while the age corruption scrambles the positions on the P-Ṗ plane quite
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efficiently. We predict that a significant fraction of MSPs are born with apparent

older ages. The true age distribution of MSPs does not appear to peak at ∼ 1010yr

as sharply as expected for a sub-population recycled from a first generation of

pulsars with features indicative of a population that is already old, at least in

a dynamic sense (Hansen & Phinney, 1997). MSPs that appear older than the

Galaxy can be reconciled with very low (ṁ ≪ ṀEdd) progenitor accretion rates

experienced during the latest phases of the LMXB evolution. We expect ∼30%

of the population to be born with τ ′
c ≥ 1010 yr.

6.2.3.2 Age Corruption

There are two sources of age corruption: (1) the previously known “age bias”,

which appears to be more prominent than previously predicted and (2) “age con-

tamination” which is driven by lower progenitor accretion rates. Age contami-

nation, which effectively disguises young MSPs as old ones, is not correctable in

the absence of additional constraints that may give us insight into the details of

individual prior accretion histories. On the other hand, the correctable age bias,

manifests itself as reverse contamination and will disguise old MSPs as younger

sources. The downward contamination will remain as the main source of confusion

with regards to MSP ages. We expect to overestimate the true age of MSPs by

more than a factor of 2 for ∼30% of the population. As a consequence, the birth

and merger rates of NS–NS systems based on τc are most likely underestimates

which therefore will have ramifications for potential LIGO sources.
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6.2.3.3 Braking Indices

The millisecond radio pulsar demographics is consistent with the canonical

spin-down model (n=3). The challenge to disentangle possibly mixed sub-populations

of MSPs that may have experienced dissimilar energy loss histories (n≤3 or n=5)

is mainly due to the paucity of sources. Therefore, an early short phase when MSP

energy loss is dominated by gravitational wave or multipole emission remains as

a potentially contributing source of age contamination.

6.3 How Canonical is the Canonical Neutron Star

Mass?

6.3.1 Previous Studies

The first article that reviewed pulsar mass measurements in order to deduce

the range of masses NSs can attain, was published by Joss & Rappaport (1976).

They used mass measurements from 5 sources (PSR B1913+16, Her X-1, Cen

X-3, SMC X-1, and 3U0900−40), which were predominantly X-ray sources, and

found a marginally consistent range of 1.4–1.8 M⊙.

Finn (1994) attempted to use Bayesian statistical techniques for the first time

to infer limits on the NS mass distribution. By using the mass measurements of

only 4 radio pulsars (PSRs B1913+16, B1534+12, B2127+11C, and B2303+46),

he concluded that NS masses should fall mainly in the range between 1.3–1.6 M⊙.

The statistical approach he utilized did not, however, offer a means to measure
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the reliability and the predictive power.

Thorsett & Chakrabarty (1999) published the most comprehensive paper on

pulsar masses to date. Their analysis based on 26 sources yielded a remarkably

tight mass range at 1.38+0.06
−0.10 M⊙. The width of their NS mass inference was mainly

driven by the narrow error bands of the DNS mass measurements.

The recent work by Schwab et al. (2010) suffers from other limitations. They

analyze masses of 14 sources with an approach based on the comparison of the

cumulative distribution function (CDF) with an idealized Gaussian. It is well

understood that the K-S test should be used with caution in cases where devi-

ations occur in the tails (Mason & Schuenemeyer, 1983). Additionally, even in

data samples where the number of outliers in the tails are considerably larger

and associated measurement errors are taken into account, a K-S approach will

still remain inadequate in quantifying the significance of the outliers. Therefore,

while the bimodal feature found for the initial mass function (i.e. Mbirth) may be

consistent with theoretical expectations for remnant masses produced by electron-

capture versus Fe-core collapse SNe (Podsiadlowski et al., 2004), the evidence for

a deviation of Mbirth from a unimodal distribution is still tentative. In order to

firmly establish a potential multi-modal feature for the NS birth mass distribution,

a more diverse sample tested with more rigorous statistics are required.
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6.3.2 Maximum Mass Limit

We test whether the method is sensitive enough to detect signatures of a

potential truncation, particularly at the high mass end of the underlying NS mass

distribution. We find that even in cases where a mild truncation is imposed onto

the input distribution, the algorithm produces results with ∼99% consistency.

Both predicted distributions for NSs in DNS and NS-WD systems in Figure 4.2

are consistent with symmetric shapes (both with skewness parameter |γ1| < 0.06),

and show no signs of deviation in favor of a truncation on either end.

This has important ramifications: The lack of truncation indicates that, in

particular, the high mass end is driven by evolutionary constraints. Evolution-

ary processes such as long term stable accretion will naturally produce a wider

distribution, while constraints due to general relativity or a universal EOS would

produce a strict upper limit, which would manifest itself as a truncation limit. The

lack of truncation in the shape of the underlying NS mass distribution, as a result,

rules out the possibility that the upper mass limit is set by general relativity or

the EOS. Therefore, the 2 M⊙ maximum mass limit implied by NS-WD systems

should be considered as a minimum secure limit to the maximum NS mass rather

than an absolute upper limit to NS masses.

6.3.3 Central Density And The Equation Of State

All EOSs that require a maximum NS mass Mmax ≤ 2 M⊙ are ruled out. The

implied stiffness of the EOS largely precludes the presence of meson condensates
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and hyperons at supranuclear densities. Consequently, lower central densities,

larger radii and thicker crusts for NSs are favored (Shapiro & Teukolsky, 1983).

The energy density-radius relation implied by Tolman (1939), when combined

with the causality limit, gives an analytical solution for an upper limit on the

central density

ρcM
2 = 15.3 × 1015 M2

⊙ g cm−3. (6.1)

With a 2 M⊙ secure lower limit on the maximum NS mass, we set a 95% confidence

upper limit to the central density of NSs, which is

ρmax < 3.83 × 1015g cm−3 (6.2)

corresponding to ≈11ρs for a fiducial saturation threshold ns ∼ 0.16 fm−3.

Exotic matter such as hyperons and Bose condensates significantly reduce the

maximum mass of NSs. Therefore, a strict lower limit on the maximum NS mass

Mmax > 2 M⊙ rules out soft EOSs with extreme low density softening and require

the existence of exotic hadronic matter (see Lattimer & Prakash, 2007, for review).

NSs with deconfined strange quark matter mostly have maximum predicted masses

lower than 2 M⊙. Hence, EOSs with strange quark matter that predict maximum

masses smaller than 2 M⊙ can also be ruled out as viable configurations for NS

matter.

107



6.3.4 Evidence For Alternative Evolution And The For-

mation Of Massive Neutron Stars?

A 2 M⊙ upper limit to masses of NSs in NS-WD system poses a problem. If

all millisecond pulsars were indeed NSs that are recycled from a first generation

of normal pulsars, the implied distribution should be consistent with a recycled

version of the initial mass distribution. While the peaks of the distributions

for DNS and NS-WD systems are consistent with the expectations of standard

recycling (§4.2.2), the widths imply otherwise. As shown in Figure 4.2, ∆macc =

0.15 M⊙ lies perfectly within the expected range. However, with typical accretion

rates experienced during the LMXB phase (ṁacc ∼ 10−3 ṀEdd), NSs with masses

∼2 M⊙ such as PSR J1614−2230 cannot be formed. Even with initial masses of

∼1.6 M⊙ these sources need to accrete ∆m ≈ 0.4 M⊙ during their active accretion

phase. This requires long term stable active accretion at unusually high rates.

Based on the P-Ṗ demographics of millisecond pulsars, Kiziltan & Thorsett

(2009a) argue that ≈ 30% of the millisecond pulsar population may be produced

via a non-standard evolutionary channel. This prediction falls in line with a

distribution that has a consistent recycled peak but has an unusual width which

extends up to 2 M⊙. While it is difficult to quantify the formation rate(s) of

non-standard processes that may produce these NSs, it is clear that the standard

scenario requires at least a revision. Such a revision should consistently reconcile

for the observed P-Ṗ distribution of millisecond pulsars, along with the long term

sustainability of unusually high accretion rates that is required to produce the
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second generation of massive NSs.

The only viable alternative to a major revision of the mass evolution implied

by the standard recycling scenario, also corroborated by the lack of truncation of

the underlying NS mass distribution, is then to form massive NSs.
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O. Straniero, 623–626

118



van Kerkwijk, M. H., Bassa, C. G., Jacoby, B. A., & Jonker, P. G. 2005, in

Astronomical Society of the Pacific Conference Series, Vol. 328, Binary Radio

Pulsars, ed. F. A. Rasio & I. H. Stairs, 357

van Kerkwijk, M. H., Breton, R., & Kulkarni, S. R. 2010, ArXiv e-prints:1009.5427

van Kerkwijk, M. H., van Paradijs, J., & Zuiderwijk, E. J. 1995, A&A, 303, 497

Verbiest, J. P. W., Bailes, M., van Straten, W., Hobbs, G. B., Edwards, R. T.,

Manchester, R. N., Bhat, N. D. R., Sarkissian, J. M., Jacoby, B. A., & Kulkarni,

S. R. 2008, ApJ, 679, 675

Weisberg, J. M., Nice, D. J., & Taylor, J. H. 2010, ApJ, 722, 1030

Wijnands, R. & van der Klis, M. 1998, Nature, 394, 344

Wood, M. A. 1992, ApJ, 386, 539

Woosley, S. E. & Weaver, T. A. 1992, in Structure and Evolution of Neutron

Stars, ed. D. Pines, R. Tamagaki, & S. Tsuruta, 235

Wyckoff, S. & Murray, C. A. 1977, MNRAS, 180, 717

119



GLOSSARY

DNS Double neutron star
e Eccentricity
γ Time dilation-gravitational redshift
GC Globular cluster
HMXB High mass X-ray binary
LMXB Low mass X-ray binary
m1 Mass of the primary star in a binary system
m2 Mass of the secondary star in a binary system
M⊙ Mass in Solar units (1.989×1030 kg)
MSP Millisecond Pulsar
MSRP Millisecond radio pulsar
MSXP Millisecond X-ray binary
NS Neutron star
ω0 Longitude of periastron passage
ω̇ Advance of periastron
P Period
PDF Probability distribution function

Ṗ Period derivative; spin-down
Pb Orbital period

Ṗb Orbital period decay
r Range of Shapiro delay
s Shape of Shapiro delay
T0 Time of periastron passage
WD White dwarf
x Projected semi-major axis
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